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USING ENERGY TO SOLVE PROBLEM

Energy concept used for solving physical problems is essential,
especially for the cases of conservative forces.
For example, the spring system, the force equation is
d?x
T

F=—-kx=md=

You may need to solve the differential equation if you work on force.
On the other hand, the force of the spring system is conservative so it
can be expressed by the new concept of potential energy.

L kx?
U=—JF-dr=—J—kxdx=T+c

Use the new concept of energy conservation, you can easily solve
some physical problems.




1. SYSTEMS & ENVIRONMENTS

Understand the system with its environment. A system may

1. be a single objet (particle)
2. be a collection of objects (particles)
3. be aregion of space (filling with gas or liquid, such as an engine)

4. vary in size and shape (rubber ball)

LK,
00t




1. SYSTEMS & ENVIRONMENTS

Example: A block with mass m, 1s sitting on frictionless surface on the top of a car of
mass M. It 1s connected to another block of mass m, by a lightweight cord over a
lightweight and frictionless pulley. Assume that the car can move without friction. At
the instant the two blocks start to move, what are the accelerations of the two blocks

and the car?

my,g —T = mya 4 -
T

T =my(a—A) y ﬁQ

T =MA
( )

\_/
(M +mym,g € 4
Mmy + mym, + m,M

()

a

A= mimpg
Mm1 + mym, + sz




2. THE SCALAR PRODUCT OF
VECTORS

Start from the x, y, z unit vectors, the product is a projection
length of a vector on another vector: -1 : -
Calculation 4 - B from the components: A-
B,k) = AB, + A,B, + A,B,

cos(¢p + 0) = cos ¢ cosO — sin ¢ sin 6
sin(¢ + 0) = sin¢ cos 6 + cos ¢ sinf

B A A
Exzcosqux—singbjy
B A A
Ey=sm¢7x+cos¢7y
AB, A,B
%x+ Jzgy=cosc,l>A
AyBy +AyB T e
— > 2 A- B = |A||B| cos(¢p) = AB cos ¢




2. THE SCALAR PRODUCT OF
VECTORS

Example: The vectors A and B are given as A=31+ 2], B=—-1+ 2j. (a) Determine
their scalar product. (b) Find the angle between the two vectors.

fe)

(0)

A-B=3x(-1)+2x2=1

. A-B 1 1
cosf = = =—
AB 324 22/(-1)2 +22 65

0 = 82.99




3. WORK DONE BY A CONSTANT
FORCE

Work: W = FS
Vertical direction: W = mgH
On the slide: W = mg sinf L

- -

=mchos(%—9)=F-L

Summary, Work: W = F - S, The Unit of Work: 1 N x1 m = 1 J (Joule)
done on the particle.

Example: A partile moving on the xy plane undergoes a displacement A7 = 2.0 + 3.0
(m) when 1t 1s exerted by a constant force F =5.00+ 2.0j. Please calculate the work

W =F - A# = (2.0%5.0) + (3.0%2.0) = 16 (J)



3. WORK DONE BY A CONSTANT
FORCE

Example: A block of mass 2.00 kg on a table 1s pushed by a force of 20.0 N directed
with an angle of 30° downward from the horizontal. The kinetic frictional coefficient 1s
0.200. Please calculate the work done by the force and friction after traveling 10.0 m
long.

N = mg + F sin30° = 19.6 + 10.0 = 29.6 (N) a N
fie = Ny = 29.6x0.2 = 5.92 (N)

Work Done by The Force: FS cos 30° = 20.0x10.0x§ =~ 173 (J)

Work Done by Friction: f;,S = 5.92x10.0 = 59.2 (J)
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4. WORK DONE BY A VARYING FORCE

Varying Force: F(x;) # F(xj) Fy Fx;)

F(x)
N N
AW; = F(x;))Ax EE2) W = Y AW; = » F(x;)Ax

N > X

| Xp = XiNXp =X (7 Ax
1\111_r>r010'1F(xi+l N ) I —fx. F(x)dx
L= l

szdW dW = Fdx = F(#) - d7

T Xf.YfZf Xf.YfZf
W = j F(#)-dr = j E.(x,y,z)dx + j E,(x,y,z)dy
7 Xi,YiZi Xi,Yi.Zi

XY frZf
-+ j E,(x,y,z)dz
X0V



4. WORK DONE BY A VARYING FORCE

Example: In the graph, the force acting on an particle 1s shown as a function of position.
If the particle 1s exerted by the force and moving from x = 0 to x = 10 m, please
calculate the work done on it.

W = dex
y=F(x) (N)
It is noted that the integration is just the area on the F — x

graph. 10

W = Area =-10x10 = 50 (J)

x (m)




4. WORK DONE BY A VARYING FORCE

Example: A force of F = 3x%1 + 47 N, with x 1n meters, acts on a particle, changing
only the kinetic energy of the particle. How much work 1s done on the particle as 1t
moves from (2, 3) to (3, 0) (m)? Does the speed of the particle increase, decrease, or

remain the same?

31
W = (3x2%1 + 4)) - (idx + jdy)
2i+3]
0
3x%dx + f 4dy

3

31 3

W = (3x%dx + 4dy) = f

2i+3] 2

W =[S+ My =19-12=7 (J)

The work is positive thus the energy of the particle
increases. The speed of the particle increases.




4. WORK DONE BY A VARYING FORCE

Work Done on The Block by a Spring

= x=0, F=0

xf kx2]f 7 [ ——
W= f (—kx)dx = — |25 SOOO0000000-
24 : Xi ; 7
ko N o
v o LB soooe- -
2 2 ; Z
& kx? i
W = f (—kX)dX = —T
0
Xmax kxz / ositive work negative WOD
W = ] (—kx)dx = ——= 4
0 2
0 kxz
W = (—kx)dx = —2%
Xy 2 g

\_ /




4. WORK DONE BY A VARYING FORCE

Example: An archer pulls her bowstring back 0.400 m by exerting a force that increases
uniformly from zero to 230 N.

(a) What 1s the equivalent spring constant of the bow? (b) How much work does the
archer do 1n pulling the bow?

The force increases uniformly, thus it follow the
expression F(x) = —kx.

230 = kx0.400 EZZ) k = 575 (N/m)
The archer did positive work, W = %kx2

W =22(0.400)2 = 46.0 (J)



4. WORK DONE BY A VARYING FORCE

Example: A small particle of mass m 1s pulled to the top of a frictionless half-cylinder
(of radius R) by a cord that passes over the top of the cylinder. (a) If the particle moves
at a constant speed, calculate the tension in the cord. (b) Find the work done in moving
the particle at constant speed from the bottom to the top of the half-cylinder.

(a)
F=T=mgcos6

(0)

/2
W = jdex = jFSdS =f (mg cos 8)(Rd6)
0

W = mgR[sin6]5-7* = mgR



5. WORK-KINETIC ENERGY THEOREM

The kinetic energy is an inerfia energy of the system. For a motional
particle, the kinetic energy is just a function of its mass and speed.
muv?
Tz
Work is a mechanism o transfer energy into or out of a system. You can do

positive work to raise the system energy, or you can do negative work to
decrease the system energy.

W—JF()d Fema=m  w=[m%q4
= x)dx —ma—mdt = | m—dx
dv d(mv?/2)
dx = vdt W=jm—vdt W =
dt dt

W—fd muv?
B 2

_j”fd mv?\  mv; mviz—AK
), 2 ) 2 2



5. WORK-KINETIC ENERGY THEOREM

Example: A 6.0 kg block 1nitially at rest 1s pulled to the right along a horizontal,
frictionless surface by a constant force of 12 N. Find the speed of the block after it has
moved 3.0 m.

Use The Force Concept 1o Solve It:

a= g =20 (m/s?) v =7v2+2as=0+2x2.0x3.0 =12
v =3.5 (mMm/s)

Use The Energy Concept to Solve If:
W =FS =12x3.0 =36 (J)

2 2 2
mvys  mv; 6.0Xv
W=—L _ "% = 36= > !

= 3.5 (m/s
2 2 gl (/s




0. POTENTIAL ENERGY

Potential Energy — convert the external force 1o energy and
put the converted energy 1o the system energy

szfﬁext-df=wf—wi

{

Wy —W; =AK =K; — K, B Kr — Wy = K; — W,

W=-UB By —U+U =K K B E=K +U; =K +Us
Potential Energy of Gravitational Force

. X y0+h
F=-mgj U=-Ww-=- j (=mgj) - (jdy)
Yo

y0+h
U = j mgdy = mgh
Yo



0. POTENTIAL ENERGY

Potential Energy of Gravitational Force, Considering The
High Alfitude Effect:

S GMm

= — r2 r
The Displacement in The 3D Space by The Spherical
Coordinate:

dr = idx + jdy + kdz = #dr + 6(rd6) + ¢(r sin(6))de
2 2( GM
U = —f F-dr = f ( i ) (rdr +0(rdo) + d(r sm(@))dqb)
7y

T2 d GMm GMm
U = GMmf Mm [— —]
T2 Ty

GMm

)

Chooser, o U = —




0. POTENTIAL ENERGY

Potential Energy of a Spring

F=—kX=—kxi




0. POTENTIAL ENERGY

Example: A canister of mass m = 0.40 kg slides across a horizontal frictionless counter
with speed v = 0.50 m/s. It then runs into and compresses a spring of spring constant k
=750 N/m. When the canister 1s momentarily stopped by the spring, by what distance d
1s the spring compressed?

The kinetic energy: mf = 0'40X(20'502) = 0.050 (J) %ﬂ
o

The energy is used to compress the spring and change to

potential energy.

2 2
k; _ 7502><d = 0050 =) d=0.012 (m) =12 (cm)
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/. CONSERVATIVE FORCES

Conservative Forces

1. The work done by a conservative force on a particle between two
different position is independent of the path taken by the particle.

2. The work done by a conservative force on a particle moving
through any closed loop is zero.

3. There exists a scalar potential that its gradient is the conservafive
force. -> vector calculus — gradient theory

——=— scarlar potfential

force — slope:

slope -> force| | L—"""700 AU Ah
yé = Ax Ax




/. CONSERVATIVE FORCES

Example: A single constant force F=30+ 57 N acts on a 4.00-kg particle. (a) Calculate the
work done by this force if the particle moves from the origin O to a position P at 37 — 2] m.
Does this result depend on the path? (b) What is the speed of the particle at P if its speed at
O 15 4.00 m/s? (c) What 1s the change 1n 1ts potential energy?

() 32 3,—2
wo=[ @i+ Gar+jay = [ Gax+say =-1()
0,0

0,0
3,0 3,—2

w, = | (3dx + 5dy) +j (3dx + 5dy) = -1 (J)

0,0 3,0

(0)

2 2
W=AE _1- 4.00Xxv . 4.00x4.00

2 2

v =3.94 (Mm/s)

() U=-w=1(J)



8. RELATION BETWEEN POTENTIAL
ENERGY AND CONSERVATIVE FORCES

The relation between F and U U = —dex = —jﬁ - d7

de $ dU = —Fdx i> p__dU(x)

dU = F - dit = —(F i + E,j + Ek) - (idx + jdy + kdz)

dU(x,y,z) = —F,dx — E,dy — F,dz

oU oU oU

F, = —— —— F = ——

Since x, y, z are independent P E, = 3y E, =

F( )=FEi+Ej+FEk= v, ou auk
oY 2) = BT Y] axl (')y] 0z

0 0 0

F(x,y,z) = —<la+]@+ka> Ulx,y,z) = -VU(x,y,z)



8. RELATION BETWEEN POTENTIAL
ENERGY AND CONSERVATIVE FORCES

The Potential Energy and Force of a Spring Sytem

U=skxz F=-2U__
_Zx  dx x

The Gravitational Potential Energy and Force

- GMm = au GMm GMm
—_ - = ——_—= — r
r r or r2 r2

I r’ GMm \ . ~
U=—f F-dr=—f ——=z f - (fdr + Ord6 + ¢rsin6 de)
=00 =00

" GMm GMm1' ~ , GMm
U= j dr = [— ]
Tr =00



9. ENERGY DIAGRAM AND EQUILIBRIUM

A particle is in equilibrium if the net force acting on it is zero.

(a) U(x). (b). U(x). (c). U(x).

/l /I\ N\
S | S > X

(a) Stable Equilibrium: a small displacement in any direction results in a
restoring force that pushes the particle back to its equilibrium position.
(b) Unstable Equilibrium: a small displacement results in a force that
accelerates the particle away from its equilibrium position.

(c) Neutral Equilibrium: a small displacement results in zero force and the
particle remains in equilibrium.




9. ENERGY DIAGRAM AND EQUILIBRIUM

Example: In the region —a < x < a the force on a particle 1s represented by the potential
energy function U(x) = —b(l /(a+x)+1/(a— x)), where a and b are positive

constants. (a) Find the force. (b) At what value of x 1s the force zero? (c) Is the
potential stable or not?

4abx

F(x) = (a% — x2)2

x=02>F=0

d?U B 4ab(a? + 3x?) “0
dx2,—o (a? — x2)3 .




9. ENERGY DIAGRAM AND EQUILIBRIUM

Example: For a Lenard-Jones potential energy of U(x) = 4&[(o/x)*? — (0 /x)°],
where o and ¢ are two parameters, please calculate its force.

dUu 12 12 6 6
Fe-G= -2 +2®)

U(r) U(r) ro: equilibrium position
A A E,: free
E,: bounded




EXERCISE

If we model the restoring force as F = —(k;x + k,x?), how much work is done on an object in
displacing it from x = 0 to x = X4y

r‘xmax
W = —F(x)dx
Jo
rxmax
W = | (kix + k,x?)dx
0
1 2 1 3
W = s kiXmax + 5 KoXmax

2 3




EXERCISE

The force on the particle is given by a exp(—bx). If the potential is U, at a position x = 0,
please calculate the potential energy.

F = aexp(—bx)

dU = —Fdx = —a exp(—bx) dx

U X
j dU = —j a exp(—bx) dx
0

Ug

U—U, = [% exp(—bx)]:

a
U=1U, +E (exp(—bx) — 1)



EXERCISE

A particle of mass m 1s attached between two 1dentical springs on a frictionless, horizontal
tabletop. Both springs have spring constant k and are initially unstressed, and the particle is at x =
0. (a) Calculate the force on the particle when the particle is pulled a distance x along a direction
perpendicular to the initial configuration of the springs as shown in the figure. (b) Please use

integration to find the potential energy U(x) of this system.

AL =+/x2 +12 — L Overhead view

X L ?\)%
E, = —kAL——— = —kx |1 - —— %, |
Vx2 + L2 Vx2 + L2 L éz/
g
SRR A %
x,net m / | @gm X
x=20 I A\
X X LI .\\§
U—f 2kx<1—;>dx—2kf (x—L>dx ' \@\k
0 Vx2 + L2 0 Vx2 + L2 :§

U = kx? — 2kL (\/x2 T2 — L)
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  W =  1 2 k  x 2
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  a =   12  6 . 0 = 2 . 0
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  U = −  ∫     r → 1     r → 2   F → ∙ d  r → = −  ∫     r → 1     r → 2   (  −   G M m   r 2  r ^ ) ∙  (   r ^ d r +  𝜃 ^  (  r d 𝜃 ) +  𝜙 ^  (  r   sin ⁡   ( 𝜃 ) ) d 𝜙   )


  U = G M m  ∫   r 1   r 2    d r   r 2 = G M m    [  −  1 r ]   r 1   r 2 = −   G M m   r 2 +   G M m   r 1


   r 1 → ∞


  U = −   G M m   r 2


   F → = − k  x → = − k x  i ^


  x  i ^


  F


  U = − W = −  ∫   x i   x f   (  − k x  i ^ ) ∙  (   i ^ d x ) =   k  x f 2 2 −   k  x i 2 2


  W = ∆ K =  K f −  K i


  U =   k  x f 2 2 −   k  x i 2 2 = −  K f +  K i


  E =  K i +  U i =  K f +  U f =   m  v i 2 2 +   k  x i 2 2 =   m  v f 2 2 +   k  x f 2 2


  =   m  v 2 2 +   k  x 2 2


    m  v 2 2 =   0 . 40 ×  (    0 . 50 2 ) 2 = 0 . 050


    k  d 2 2 =   750 ×  d 2 2 = 0 . 050


  d = 0 . 012


  = 1 . 2


    ∆ U  ∆ x =   ∆ h  ∆ x


  W = ∆ E


  − 1 =   4 . 00 ×  v 2 2 −   4 . 00 ×   4 . 00 2 2


  v = 3 . 94


  U = − W = 1


   W 1 =  ∫  0 , 0  3 , − 2   (  3  i ^ + 5  j ^ ) ∙  (   i ^ d x +  j ^ d y ) =  ∫  0 , 0  3 , − 2   (  3 d x + 5 d y ) = − 1


   W 2 =  ∫  0 , 0  3 , 0   (  3 d x + 5 d y ) +  ∫  3 , 0  3 , − 2   (  3 d x + 5 d y ) = − 1


   F → = 3  i ^ + 5  j ^


  3  i ^ − 2  j ^


   F →


  U


  U = − ∫  F d x = − ∫   F → ∙ d  r →


  U = ∫  d U


  d U = − F d x


  F = −   d U  ( x )  d x


  d U =  F → ∙ d  r → = −  (   F x  i ^ +  F y  j ^ +  F z  k ^ ) ∙  (   i ^ d x +  j ^ d y +  k ^ d z )


  d U  (  x , y , z ) = −  F x d x −  F y d y −  F z d z


   F x = −   𝜕 U  𝜕 x


   F y = −   𝜕 U  𝜕 y


   F z = −   𝜕 U  𝜕 z


   F →  (  x , y , z ) =  F x  i ^ +  F y  j ^ +  F z  k ^ = −   𝜕 U  𝜕 x  i ^ −   𝜕 U  𝜕 y  j ^ −   𝜕 U  𝜕 z  k ^


   F →  (  x , y , z ) = −  (   i ^  𝜕  𝜕 x +  j ^  𝜕  𝜕 y +  k ^  𝜕  𝜕 z ) U  (  x , y , z ) = −  𝛻 → U  (  x , y , z )


  U =  1 2 k  x 2


  F = −   d U  d x = − k x


  U = −   G M m r


   F r = −   𝜕 U  𝜕 r = −   G M m   r 2


   F → = −   G M m   r 2  r ^


  U = −  ∫  r = ∞   r ′   F → ∙ d  r → = −  ∫  r = ∞   r ′   (  −   G M m   r 2  r ^ ) ∙  (   r ^ d r +  𝜃 ^ r d 𝜃 +  𝜙 ^ r   sin ⁡ 𝜃 d 𝜙 )


  U =  ∫  r = ∞   r ′    G M m   r 2 d r =    [  −   G M m r ]  r = ∞    r = r ′ = −   G M m   r ′


  F  ( x ) =   4 a b x     (   a 2 −  x 2 ) 2


  x = 0


  F = 0


       d 2 U  d  x 2  x = 0 = −     4 a b  (   a 2 + 3  x 2 )     (   a 2 −  x 2 ) 3  x = 0 < 0


  U  ( x ) = − b  (  1 /  (  a + x ) + 1 /  (  a − x ) )


  a


  b


  x


  F = −   d U  d x = − 4 𝜀  [  −   12 x    (   𝜎 x )  12 +  6 x    (   𝜎 x ) 6 ]


  U  ( x ) = 4 𝜀  [     (  𝜎 / x )  12 −    (  𝜎 / x ) 6 ]


  𝜎


  𝜀


  F = −  (   k 1 x +  k 2  x 2 )


  x = 0


  x =  x  m a x


  W =  ∫ 0   x  m a x  − F  ( x ) d x


  W =  ∫ 0   x  m a x   (   k 1 x +  k 2  x 2 ) d x


  W =  1 2  k 1  x  m a x 2 +  1 3  k 2  x  m a x 3


  a   exp ⁡   (  − b x )


   U 0


  x = 0


  F = a   exp ⁡   (  − b x )


  d U = − F d x = − a   exp ⁡   (  − b x ) d x


   ∫   U 0 U  d U = −  ∫ 0 x  a   exp ⁡   (  − b x ) d x


  U −  U 0 =    [   a b   exp ⁡   (  − b x ) ] 0 x


  U =  U 0 +  a b  (    exp ⁡   (  − b x ) − 1 )


  k


  x = 0


  U  ( x )


  ∆ L =    x 2 +  L 2 − L


   F  x , n e t = − 2 k x  (  1 −  L     x 2 +  L 2 )


  U =  ∫ 0 x  2 k x  (  1 −  L     x 2 +  L 2 ) d x = 2 k  ∫ 0 x   (  x −   L x     x 2 +  L 2 ) d x


  U = k  x 2 − 2 k L  (     x 2 +  L 2 − L )


   F x = − k ∆ L  x     x 2 +  L 2 = − k x  (  1 −  L     x 2 +  L 2 )

