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1. VECTORS

The Vector:

Notation 1: 0A — OB = BO + OA = BA

Notation 2: #4p — gp = T4o + Top = T4p
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1. VECTORS

Vector Space:
Zero Vector: 0
Equality:
Addition:
Multiplying by a Scalar: c4, 04 =0
Inverse: —1-4 = —A4

Subtraction: 4 — B
Associative, Distributive, Commutative

Component of a Vector:
A=(A,4,) = Ad+A)j, |A] =2

Unit Vectors:
i = A/|4

https://giphy.com/gifs/soulpancake- school 3ohBVyLs9CkVV]yZEY



2. POSITION, VELOCITY, AND ACCELERATION

Displacement: A7 =7 — 7 = (x; — x;)i + (yr — y:)j + (zr — 2))k

AT

Average Speed: Vy,,; = n

dz +

AT dar dx ]
dt

Instantaneous Velocity: v = lim—=— =

dy
1F =
t—0 At dt dt dt]

. > AV
Average Acceleration: dgyg = —

. S . Av dv d?7
Instantaneous Acceleration: d = lim— =< =<2
t—0 At dt dt?



2. POSITION, VELOCITY, AND ACCELERATION

Trajectory: Displacement & Velocity Variation
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3. 2D MOTION WITH CONSTANT ACCELERATION

Constant Acceleration:
ad = a,i+a,j

¥ = (Wox + ax)i + (v, + a,t)j = ¥y + dt



3. 2D MOTION WITH CONSTANT ACCELERATION

Example: A particle move through the origin of an xy coordinate system at t = 0 with
initial velocity v, = 207 — 15f (m/s). The particle moves in the xy plane with an
acceleration a = 41 (m/s?). Determine the components of the velocity as a function of

time and the total velocity vector at any time.

initial conditions: 7, = 01 + 0j (M), v, = 207 — 15] (M/s)

—

start from the differential equation: a = L — 44

dt
d i v() /
— =41 dv = 4dti J dﬁ=4jdti
dt 20i—15] ;

v(t) = (20 + 4t)i — 15f (m/s)

d
3(t) = d—’: — (20 + 4t)i — 15] 2(t) = (20t + 2¢2)i — 15¢) (m)
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4. PROJECTILE MOTION

Trajectory of Projectile Motion: V=1, —jgt ar

= tvy cos(0) + j(v, sin(6) — gt)

v
vy (t) 0x

f 1
- _ -> A A . il 2
100} ) m ) r(t) =7, + vy cos(@) t +j <v0 sin(@) t - gt )
80 0 0x X
jzivoy Vo : x(t) = vycos(B) t —>1t = m—ry
A vy, (t) \ y(t) = vy sin(f) t — = gt?
70 Vox 2 2

; 100 200 300 400 Uy Sln(g) gx
y — X —
tan@ = -2 vocos(0) ~  2v§(cos(8))>?
Vox g R 2
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dv = —ng dt

— = —gj > dv = —jgdt j
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4 PROJECTILE MOTION
¥ w(t)%
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Maximum Height & Horizontal Distance
T v,sin® T g (T)Z N vg sin? 6

2- " g 2\2 2g

His maximum at 8 = ;

v52sinf cos@  vg sin(26)
g g

R=vycos0T =

R is maximum at 8 = %

https://giphy.com/search/cut-off



4. PROJECTILE MOTION

vy, (t) Vox
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4. PROJECTILE MOTION

Example: A long-jumper leaves the ground at an angle of /6 rad above the horizontal
and at a speed of 9.8 m/s. How far does he jump in the horizontal direction? What 1s
the maximum height reached?

T 9.8sin(m/6)
E_ 98 = 0.50 (S)

V3
R =vycos(t/6)T = 9.8><7><1 =85 (m)

H=2 (;)2 — 49(0.50)2 = 1.2 (m)




4. PROJECTILE MOTION

Example: A projectile 1s fired at a target T in a way that the projectile leaves the gun at
the same time the target is dropped from rest. Show that if the gun is initially aimed at
the stationary target, the projectile hits the target.




4. PROJECTILE MOTION

Example: A projectile 1s fired at a target T in a way that the projectile leaves the gun at
the same time the target is dropped from rest. Show that if the gun is initially aimed at
the stationary target, the projectile hits the target.

Assume the aiming angle of 6, the initial speed of v
Traveling time: X, /v cos 8

Hitting condition:
2 2

2 (reosa) 0 (5eosg) =5 (reosd) =
2 \vcosf v Rl v cos @ 2 \vcosf =T

X
vsin@( a )=YT

v cos 6
Y.
The required condition for hitting the targetis tan8 = X—T
T

aiming at the target




5. UNIFORM CIRCULAR MOTION

A particle is in uniform circular motion. The radius of ifs
trajectory is r and its speed in the mofion is v.

27T do B 2T

v
important physical quantities: T = s W = dr 2nef = T 7 V= wr

What's the centripetal acceleration a,.©

. (%1
i
NS WL,
Vr
|AvV| |Av|  |A7 _vIAFI
Gavg =7y Gavg T )7 v r Qavg = 777t
’ : v|AF|  v?
= lim = lim — =
a At—0 Qavg At—0 T At T -

https://giphy.com/gifs/kinetic-swkRIEwhaKhDW



5. UNIFORM CIRCULAR MOTION

A particle is in uniform circular motion. The radius of ifs
trajectory is r and its speed in the mofion is v.

Use polar coordinate, the positional vector

=
|

v ~
chos@'
) >

r=rcosfi+rsinfj, where 6 = wt

The velocity vector is derived by differentiation

i ing i+ 01
V=—=—vSIN01 V COS
dt J

Differentiate it again

2
R v n . .
a= —7(c059l+51n9])
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6. TANGENTIAL AND RADIAL
ACCELERATION

a

a
iy

The change in speed: a, = dv/dt = d|v|/dt

The change in direction: a, = v?/r

The total acceleration: a =/ a? + a?



6. TANGENTIAL AND RADIAL
ACCELERATION

Example: A car exhibits a constant acceleration of 0.300 m/s? parallel to the roadway.
The car passes over a rise in the roadway such that the top of the rise is shaped like a
circle of radius 500.0 m. At the moment the car 1s at the top of the rise, its velocity
vector 1s horizontal and has a magnitude of 6.00 m/s. What is the direction and the
magnitude of the total acceleration vector for the car at this moment?

a, = 0.300% %_,

!

I (0 e —
Y= "5000 7 T A

@ = 0.300% — 0.0720] - a = /0.32 + 0.0722




/. RELATIVE VELOCITY

Harry Potter and the Forbidden
Journey™ in 4K3D




/. RELATIVE VELOCITY

Example: Barbara's velocity relative to Alex 1s a constant vy, = 50.0 km/h and car P is
moving in the negative direction of the x axis. If Alex measures a constant velocity vp,
= -80.0 km/h for car P, what velocity will Barbara measure?

Use index to solve the problem, ask v,z =?
Upe = Upa + Uyp

va — _800 (km/h), vAB — _vBA - _500 (km/h)

va — va + vAB —_ _130 (km/h)




/. RELATIVE VELOCITY

Example: A plane moves due east (directly toward the east) while the pilot points the plane
somewhat south of east, toward a steady wind that blows to the northeast. The plane has velocity
Vpy relative to the wind, with an airspeed (speed relative to the wind) of 215 km/h, directed at
angle 8 south of east. The wind has velocity Vg relative to the ground, with a speed of 65.0
km/h, directed 30.0° east of north. What is the magnitude of the velocity Vg of the plane
relative to the ground, and what 1s 67?

Ve = 65.0sin(/6) T + 65.0 cos(1r/6) |
Upy = 215cos@1— 215sin6 |

vpe 1S IN The due east direction

56.3 —215sin =0 6 = 15.2°

Upg = (32.5 + 215 cos 0)i = 2407 (km/h)
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CHALLENGES

A particle starts from the origin with velocity 57 (m/s) at ¢t = 0 and moves in the xy plane with a varying
acceleration given by d(t) = 6+/ti, where a is in meters per second squared and t is in seconds. (a)
Determine the velocity of the particle as a function of time. (b) Determine the position of the particle as a

function of time.

m

d i WP dv=6\tidt
v(t) t R
j ﬁzf 6Vtidt mmp V(t) —50=
0

~
N W
o>

v(t) = (41:% + 5)2

it ] 8 s )
d’: s =(az 45 #O= (g t2 + 5t> l




CHALLENGES

A person standing at the top of a hemispherical rock of radius R kicks a ball (initially at rest on the top of
the rock) to give a horizontal velocity ¥; as shown in the figure. (a) What must be its minimum initial

speed if the ball is never to hit the rock after it is kicked? (b) With this initial speed, how far from the base
of the rock does the ball hit the ground?

set the origin of the Xy coordinate at the center of the sphere : S
] L=

x(t) = v;t,y(t) =R —Egt2 o ‘,_,f:\\
the distance between the ball and the sphere center R w,ﬁ,h %

> L—R#xl

£2 244
J(vit)2+(R—gT> >R—>vi2t2—Rgt2+g4 > 0
242

v? — Rg + J 7 >0

the absolute conditionis v —Rg > 0 - v; > ./Rg



CHALLENGES

A person standing at the top of a hemispherical rock of radius R kicks a ball (initially at rest on the top of
the rock) to give a horizontal velocity ¥; as shown in the figure. (a) What must be its minimum initial

speed if the ball is never to hit the rock after it is kicked? (b) With this initial speed, how far from the base
of the rock does the ball hit the ground?

time requited to hit the ground is
gT? 2R

R="—o5T= |—

2 g
/2R
R+x=vT=.gR ?zx/fR

x=(\/§—1)R



CHALLENGES

A projectile is fired up an incline (incline angle ¢) with an mitial speed v at an angle 8 with respect to the
horizontal (8 > ¢). Calculate the distance d which the projectile traveled up the cline.

calculate the trajectory of the projectile .
Path of the projectile

x(t) =vcosft, y(t) = vsinft — gt?/2 P
, :
gx
y(x) = xtanf = 212 cos? 6

Govoa ey X Wulurnd

the function of the incline is y(x) = xtan ¢

find the intersection of the curve and the incline

b gx* X 2v% cos? 0 (tan O — tan ¢)
- — - =
X tan 707 cosZ § xtang - x p

212 cos? 0 (tan @ — tan ¢)
g cos ¢

dcosp =x—->d =




CHALLENGES

A firework rocket explodes at height h, the peak of its vertical trajectory. It throws out burning fragments
in all directions but all at the same speed v. Pellets of solidified metal fall to the ground without air
resistance. Find the smallest angle that the final velocity of an impacting fragment makes with the
horizontal.

The angle is related to the final velocity as tan(6) = ?

The time of flight is T = /2h/g. \6\

The smallest angle could be made when v, = v.
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