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Calculation of Self-Inductance

The calculation of the inductance:

1. calculate generated magnetic field using the current

2. calculate the total magnetic flux

3. the self-inductance 1s the total magnetic flux divided
by the current

Inductance

)
®dp = BA = ugni(NA) —» dyg =L1_>L=TB
The induced voltage in the inductor with an inductance L 1s
Lo _dPp I
E7ode T Tdt

The unit of the inductance is henry (H). 1 H=1 Wb/A=1 T m%/A

Ref:



Calculation of The Current in The RL Circuit

The RL Circuit

Ref:

Use Kirchhoft’s rule: 7
dl +
o
—IR—-L—=0 0 L
€0 dt 2
IR Ldl dt Ldl
IR =] 2L A =
<0 dt — IR c
Ld(ey— IR R d(eyg — IR
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——dt = ——t=1 —IR) —1
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_ — g R
—Et = ln (80 IR) £0 IR = e_%t I(t) — —0(1 - e_ft)
L o £o R

The current decreases as an exponential decay function. For the

exponential decay function, we can define a time constant and here
the time constant T = L/R.



The Energy Stored in The Solenoid
For a self-inductance, the magnetic flux in the inductor 1s
d,, = LI

: : d dl
The induced emf'is € = — = d.,, = —L 7
For a changing current in the inductor, the energy consumption 1s
Ene rgy Of estimated using the power P = [V = IL %.

W ag netic Fie l d The total energy for the current increasing from O to [ 1s

t t d] 1(t) 1
U=j Pdt=f IL—dt=j Lidl = = LI?
0 0 dt 0 2

Ref:



The Energy Stored in The Solenoid

Energy of

Magnetic Field

Ref:

Considering a solenoid of cross-sectional area A, a number of coils per
unit length n, and a length [, the current in the solenoid is /.

The magnetic field indie the solenoid i1s B = pgnl and the magnetic
flux in the solenoid i1s ®,,, = nlAugnl.
The self-inductance of the solenoid is L = CDI_m = lAugyn?.

For a solenoid with current /, the energy stored initis U = %LI 2=
%lA,uOnZI 2,
The energy stored in the inductor can be taken as the energy of the

generated magnetic fields in the solenoid, thus we can calculated the
volumetric energy density of magnetic fields.

U U lAugn?I?> pugn?I?> uin?I> B? goE?
—ii— ju— — j— = —> _ ———
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Mutual

Inductance

When two current loops are coupled together, the current change in
one loop will induce an emf in the other loop.

I(t’ lingucea

The mutual inductance between the two loops is
decided by the common space between Loops 1 & 2.

The current I; in Loop 1 gives flux to Loop 2: &, =1, M;,

The current I, in Loop 2 gives flux to Loop 1: &4 = I, M,y

The mutual inductance 1s only depended on the spatial arrangement of
the two loops thus M, = M>4.



A charged capacitor 1s connected with an inductor.
When the loop 1s closed, the charge and current will
exhibit oscillations.

L] |+

x

Use the Kirchhoff’s rule on the circuit, we have

L a_9 0-1L 4°0 + ¢ 0

. . . —_—L—— — — = - S —_— =

Oscillations in dt C dt> " ¢

an LC Circuit Let Q(t) = Asin(Bt + D) be a soluton and put it into the equation:

1 1
—LB?Asin(Bt + D) + EA sin(Bt + D) =0 - —LB* + c= 0

1 (-t A e
Bz\/T_C_)Q(t)=A51n(\/T_C+D)&I(t)_\/RCOS(\/E_I_D)

+U —QZ+L12—A2 in?(—— + D +LA2 2(—— 4+ p 4
e T R ekl Wi 21¢ % \Vic ~2C




4 C !
There are alternative calculations since I

| o0 4 o—if pl0 _ p—if
e® = cos6 +isinf,cosf = ,sin @ = .
2 21
- Bt d’Q Q
We can use a guess solution Q(t) = Ae”" to solve Lo +%=0

Oscillations in

Put the guess solution into the differential equation, we get

an LC Circuit
LB%AeBt + AeBt/C =0 - (LB? + 1/C)AePt =

B = i—l - Q(t) = A,e!t/VLC 4 g, e~it/VLC
LC

This solution 1s exactly the same as that you have derived

[t
Q(t) = Asin (\/T_C + D)



ac L% o
1 E2.9 X e =0
LC Circuit a2 "¢ t Mgz TS
t) = Qg Sin| — + x(t) = Asinl(+/ k/mt +
Versus Q(t) = Qmax Sin (\/ﬁ §0> (t) (Vk/ )
Harmonic 1 1
_ _ Q(t) » x(t),L > m,—=-> k,— - /k/m
Oscillation ¢ VIC
_do_ o _dx
di 0
£ = LE_) F=ma,V,= —E—> Fopring = —kx
0? 1 1

ELI2 +i = const — Emvz +§kx2 = const



Oscillations in

an LC Circuit




Use the Kirchhoff’s rule on the circuit, we have

al  Q d’Q dQ Q
Lo == —IR=0-L—F+R—+==0

Let’s use a guess solution of Q(t) = Ae”t.

1
LB%AePt + RBAebBt + EAeBt =0- (LB?+RB+1/C)A4eBt =0

—R JR2—-4L/C

= + = ——+ 2 —
B=——% - ZL_\/(R/ZL) 1/LC
S R? 1
1. Overdamped oscillation (— — — > 0):
412 LC

Q(t) =Ale—2R;Lt+\/(R/2L)2—1/LCt -I-Aze_ZR;Lt_‘/(R/ZL)Z_l/LCt



.. S R? 1
2. Critically 2amped oRscﬂlatlon (E T 0):

Q(t) = Ade 2L' - e ZL' (41 + A,t)

2
3. Underdamped oscillation (f? — % < 0):

Q(t) = Ale"z%t”ﬁ/ LC=(R/2L)%t | Aze-z%t—w 1/LC—(R/2L)2t

Circuit 0(t) = e_ZIiLt (AleiJ1/Lc—(R/2L)2t +Aze—iJ1/Lc—(R/zL)2t)

R

Q(t) = e2* (4sin (\1/LC — (R/2L)2t + ¢) ), wo = 1/VLC

Q(t) = e_ZIiLt (A sin (\/wcz, — (R/2L)*t + <p>)




The Calculation of Inductance

Model a long coaxial cable as two thin, concentric, cylindrical
conducting shells of radii a and b and length [. The conducting shells
carry the same current in opposite directions. Calculate the inductance

L of this cable.

Let the current be I in the two concentric conducting shells.

Exa m Ples The magnetic field due to the current in the inner shell 1s
2nrB = ugl > B = M—OI
Ho 2T

The total magnetic flux through the area with a length
[ and a width fromr =ator = b is

b (il Il (b [ (b
Oy = f (”L) ldr =" n (—) SL="1 (—)
a 27T 21T a 21T a




The Calculation of Inductance

The toroid in the right figure consists of N turns and has a rectangular

cross section. Its inner and outer radii are a and b, respectively. Find the
inductance of the toroid.

2nrB = pgNI _addritAaa
 uoNI — T r
Examples B = . .
b uoNI uoNIh (b <—a4—\ |
¢p = hJ = In| —
q 2Tr 21 a = b
[,loNIh b ,LloNZIh b
CDB,total — N 27‘[ ln (E) —_ 27‘[ ln E —_ LI

NZ2h b
L= Ho In (—)
2T a




The Calculation of Inductance

Examples

Two parallel wires carry currents of equal magnitude in opposite
directions for non-digital TV signals from an antenna. The center-to-
center separation of the wires 1s w, and a 1s their radius. Assume w 1s
large enough compared with a that the wires carry the current
uniformly distributed over their surface and negligible magnetic field
exists mside the wires. Calculate the inductance of a length x of this
type of lead-in.

I'V antenna

I
Uol
2ntrB = unl > B = — % ( }-—(
r Hol = 27T
W=a nl Ix W—Qa\ e !
qb=xf Ladthl dr=”0 ln( )
q 2nr 21 a
Ix w—a
R Y iad ln( ) — L]
2T a

X w—a
L='uLln( )
T a



The Calculation of Inductance

Find the total energy dissipated in the resistor R, when the currentin
the inductor decreases from its initial value of I, to 0?

Use the Kirchoff’s rule: —L% —IR=0

Ldl dl R

_— = - — = ——qat

dt I L
Examples ‘Al R

ftdt I (1) Rt 1 =1 It
= — — —>In|l—|)|=—=t->1=I[e
o 1 LJ, I L

R
The power dissipated on the resistor is P = I2R = RIZe “L".

00 _oR
The total dissipated energy is U = fo Iée ' Rdt = %ng.




The Calculation of Inductance

A certain region of space contains a uniform magnetic field of 0.030T
and a uniform electric field of 2.0 X 10 N/C. Find (a) the total
volumetric energy density of the electric and magnetic fields.

1 . B?
U= ug+ug =580E +2—“0
Examples 1 0.03)?
P u == (8.85 x 10712)(2.0 x 10%)2 + 009" _ 1774 358

2 2(41 X 10-7)

u = 375.8 J/m’




Two solenoids with radii of r; and , and the numbers of loops N; and
N, are arranged coaxially. The two solenoids are of the same length L.
Please calculate their mutual inductances.

p l .
Assume the current in Solenoid 2 is I, ”‘?QYQYQY‘Y‘Y‘mﬁﬁgﬁﬁﬁ‘
QAgqu oo gD
NVIVIISSI99989;

The magnetic flux in Solenoid 1 1s &1 = Ny %Iznrf = I, My,

N

N,
B = po le

Examples

Assume the current in Solenoid 1 is I4

Ny
B = g TI1

The magnetic flux in Solenoid 1 1s &, = N,u, %Ilm‘lz = [1Mq,

Miy; = My, = M0N1N27T7"12/l



A capacitor of 2 uF is fully charged by a voltage of 10 V. The capacitor
is connected with an inductor of 2 uH. Please calculate the oscillation
frequency and the peak current in the inductor-capacitor system.

For an LC circuit, the natural oscillating angular speed 1s

1 1
W =— = 5x 10°

VIC J(2x1076)(2 x 10-)
—>f=%=7.96><104Hz

Examples

The maximum charge stored in the capacitor 1s estimated using the
charge voltage: @y = CV =2 x 107> C

Use the energy conservation to find the peak current of the LC

oL CV? _ Qy _ LIy QoM _
oscillating system: == Iy = e = 10 A



Two inductors having inductances L; and L, are connected in parallel.
The mutual inductance between the two inductors is M. Determine the
equivalent inductance L, for the system.

L: self inductance i (1) i(t)
M: mutual inductance — —>
[=1+1
Examples 1T hg Mgh =l
pop G di _odip o di
g dt ~ % dt d
diq di,
(L4 _M)E = (L, _M)E
diy/dt L,—M
di,/dt Li—M
di, di, di diq L,—M di di, Ly —M di

dt Tdt dt  dt L+L,—2Mdt dt L,+L,—2Mdt



Examples

Two inductors having inductances L; and L, are connected in parallel.

The mutual inductance between the two inductors is M. Determine the
equivalent inductance L, for the system.

dil . Lz - M dl
dt L, +L,—2Mdt
di, L,—M di

dt L, +L,—2Mdt

di di, L(L,—M) di (L,—MM di
I WYL 1L, = M) di | Ly — M)
dt dt  Li+L,—2Mdt L, +L,—2Mdt

Lyl — M? di_L di
L+ L,—2Mdt ¢dt
L,L, — M?

L. =
@7 L, +L,—2M
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