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1. VECTORS

The Vector:

Notation 1: 0A — OB = BO + OA = BA

Notation 2: #4p — 'gp = T4p + Tog = T4g
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1. VECTORS

Vector Space:
Zero Vector: 0
Equality:
Addition:
Multiplying by a Scalar: cA, 04=0
Inverse: —1-4A = -4

Subtraction: 4 — B
Associative, Distributive, Commutative

Component of a Vector:
A= (AyAy) = Ad + Ay, |4] =2

Unit Vectors:
i =4/ |4l

https://giphy.com/gifs/soulpancake- school 30hBVyLs9CkVV1yZEY



2. POSITION, VELOCITY, AND ACCELERATION

Displacement: A7 = 7 — 7 = (xp — x;)0 + (yr — vi)f + (zr — z:)k

- AT
Average Speed: Ugyg = 5.
AP _ dF _ dx,

Instantaneous Velocity: v = lim— = — =
t—0 At dt dt

dy dz «~
+27+Zk

dt]+dt
AV

Average Acceleration: dgyg = =

o - . AV dv  d?7
Instantfaneous Acceleration: a = lim— = — = —
t—0 At dt dt?



2. POSITION, VELOCITY, AND ACCELERATION

Trajectory: Displacement & Velocity Variation
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3. 2D MOTION WITH CONSTANT ACCELERATION

Constant Acceleration:

a= a,l+ a,j

= (Vg + a,t)T + (voy + ayt)] = v, + at
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3. 2D MOTION WITH CONSTANT ACCELERATION

Example: A particle move through the origin of an xy coordinate system at t = 0 with
initial velocity v, = 20 — 15f (m/s). The particle moves in the xy plane with an
acceleration a = 41 (m/s?). Determine the components of the velocity as a function of

time and the total velocity vector at any time.

initial conditions: 7y, = 07 + 0j (M), v, = 207 — 15] (M/s)
dv

start from the differential equation: a = — = 41
t

dv v(t)

% 4 dp = 4di j J

dt 202—15] 5
v(t) = (20 + 4t)i — 15] (m/s)

R dx A :

¥(t) = — = (20 + 4t)i — 15j 7(t) = (20t + 2t2)f — 15¢f (m)

dt



CONTENTS

Position, Velocity, and Acceleration

2D Motion with Constant Acceleration
Projectile Motion

Uniform Circular Motion

Tangential and Radial Acceleration

Relative Velocity



4. PROJECTILE MOTION

Trajectory of Projectile Motion: B =1, —jgt dr

dt
y 1%

v, (t 0x 1

100 y () = r(t) =7y +ivgcos(@) t + ] (vo sin(0) t — —gt2>
80 130 vy(t) =0 4%% Xz

jzlvoy Vox ; x(t) = vgcos(0) ¢ _>1t = TR

A vy, () \ y(t) = vy sin(@) t — = gt?

6 Vox 2 5

= vy cos(0) + j(vy sin(8) — gt)

l 100 200 300 ‘ 400 | Vo Sln(e) gx
y — X —
Tl B = Yoy Vo cos(0) 2v¢ (cos(0))?
Vox g - 2
Vo = Voyl + Voyj = VpcosBi+vysinfj att =0 y=H-— - 052 (0) (x _ E)
0
dv v(t) t
=g di=—jgdt | av=-jg| dt
e 1_50 0



4. PROJECTILE MOTION

| vy(t)
Uy (tm Vox
" vo
/ p Y (t)

_— v()x

200 £ %300 400

Maximum Height & Horizontal Distance

2 .
T vysinb =9 T :”‘7551”29
27 5 2\2 29
H is moximumo’rezg
vé2sinf@cos@ v?sin(26
R=vycos0T = 0 g =2 g( )

R is maximum at 8 = %
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ION
OT
JECTILE M

PRO

4.

Vox 5 UO%
) vy(tm(t)
(t o vy
2%
Y O
Voy
6.V
59/12 7
/4




4. PROJECTILE MOTION

Example: A long-jumper leaves the ground at an angle of /6 rad above the horizontal
and at a speed of 9.8 m/s. How far does he jump in the horizontal direction? What is
the maximum height reached?

T 9.8sin(m/6)
E = 98 = 0.50 (S)

V3
R =vycos(t/6) T = 9.8 X El X1=85 (m)

H—gzz—49(050)2—12(m)
=>|5] =490 = 1.




4. PROJECTILE MOTION

Example: A projectile is fired at a target T in a way that the projectile leaves the gun at
the same time the target is dropped from rest. Show that if the gun is initially aimed at
the stationary target, the projectile hits the target.




4. PROJECTILE MOTION

Example: A projectile is fired at a target T in a way that the projectile leaves the gun at
the same time the target is dropped from rest. Show that if the gun is initially aimed at

the stationary target, the projectile hits the target.

Assume the aiming angle of 8, the initial speed of v
Traveling time: X /v cos 6
Hitting condition:

2 2
J & + vsin AT _g AT =Y
2\vcosf vcosb 2\vcosf T

me (-2 )=y
e veos@) T
Yr

The required condition for hitting the tfargetis tanf = a
T

aiming at the target



5. UNIFORM CIRCULAR MOTION

A particle is in uniform circular motion. The radius of its

trajectory is r and its speed in the moftion is v.

27T do 2T

important physical quantities: T = 5 2nf = T
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What's the centripetal acceleration a, ¢

Vi
13f AvV
AP AB|  |AB| A7 A7
aavg - A_t aavg - At v - T aavg N T At
. T A7 v?
@= i Qavg = JOL S T a

https://giphy.com/gifs/kinetic-swkRIEwhaKhDW



5. UNIFORM CIRCULAR MOTION

A particle is in uniform circular motion. The radius of its
trajectory is r and its speed in the moftion is v.

: - A
Use polar coordinate, the positional vector P 5
; ) A A S'vcos@’rt
r=rcosfi+rsinfj, where f = wt 1 ~ >
T —vsin O
The velocity vector is derived by differentiation
5= 3 inf 17+ 0]
V=—=—vsinf1l+ vcos
dt !
Differentiate it again X

2
a= —7(cos«92+sin9j)
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6. TANGENTIAL AND RADIAL
ACCELERATION

a,
a
a,

The change in speed: a; = dv/dt = d|v|/dt

The change in direction: a, = v?/r

The total acceleration: a = \/a? + a?



6. TANGENTIAL AND RADIAL
ACCELERATION

Example: A car exhibits a constant acceleration of 0.300 m/s? parallel to the roadway.
The car passes over a rise in the roadway such that the top of the rise is shaped like a
circle of radius 500.0 m. At the moment the car is at the top of the rise, its velocity
vector is horizontal and has a magnitude of 6.00 m/s. What is the direction and the
magnitude of the total acceleration vector for the car at this moment?

a, = 0.3001 *

—

_ (6.00)?
= T 7500.0
d = 0.3007 — 0.0720f - a = 1/0.32 + 0.0722

-

7 =—-0.0720§




/. RELATIVE VELOCITY

Harry Potter and the Forbidden
Journey™ in 4K3D

Xpa = Xpp T Xpa Xpa = Xpp T VL

d d d
o XpA = dt Xpp T di vt Vpa = Vpp T VUpy



/. RELATIVE VELOCITY

Example: Barbara's velocity relative to Alex is a constant vg, = 50.0 km/h and car P is
moving in the negative direction of the x axis. If Alex measures a constant velocity vp,
= -80.0 km/h for car P, what velocity will Barbara measure?

Use index to solve the problem, ask v,z =?
Up = Vpa T Uy

va = —80.0 (km/h), VUap = —VUpyg = —500 (km/h)

va = va + VUap = —130 (km/h)




/. RELATIVE VELOCITY

Example: A plane moves due east (directly toward the east) while the pilot points the plane
somewhat south of east, toward a steady wind that blows to the northeast. The plane has velocity
V., relative to the wind, with an airspeed (speed relative to the wind) of 215 km/h, directed at
angle 6 south of east. The wind has velocity Vs relative to the ground, with a speed of 65.0
km/h, directed 30.0° east of north. What is the magnitude of the velocity V. of the plane
relative to the ground, and what is 67

Ve = 65.0sin(/6) i + 65.0 cos(1t/6) |
Upy = 215cos01—215sin6j
Upe = Upw + Ve = (32.5 + 215 cos 6)i + (56.3 — 215 sin 0)j
vpc IS IN the due east direction

56.3 —215sin8 =0 6 = 15.2°

Upe = (32.5 + 215 cos 8)i = 2407 (km/h)
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