Physics |
Lecture(01-
Mathematics-Part |

P mmE
U RBAL BER BFYEL




CONTENTS

1. Quadratic Equation (E2—It%R)

8. Partial Differential Calculus ({71i))

2. Linear Equation (% 75— R)
3. Binominal Series (—IER)

4. Exponential Functions (35£))
5. Logarithm Functions (¥1£))
6. Trigonal Functions (= &)

7. Differential Calculus (il %)

9. Taylor Expansions (Z= &) E )
10. Complex Numbers (€ £{)

11. Integration (&%)

12. 15t Order Differential Equation

13. 2nd Order Differential Equation




1. QUADRATIC EQUATION

Example: When a driver spots a running motorcycle moving with a constant speed (10
m/s) a distance of 5 m ahead of his car, he starts to accelerate at a 6 m/s2. When will the
driver catch up with the motorcycle?

Sy(t) =5+ 10t

6,
Sc(t) = Et

Assume that the driver catch up with the motorcycle at t = t;

Sy(ty) = Sc(t)) » 5+ 10t; = 3t?

. 10 + V102 + 4 X 5 X 3
3t2 —10t; —=5=0 > t; = — — —0.44 or 3.8 (s)




1. QUADRATIC EQUATION

ax’+bx+c=0

. b c
x“+—-x+—=0
a a




1. QUADRATIC EQUATION

L * b2 —4ac
T e \2e) T a2

o . il . . 2
_4 _9 0 5 4 x+£=+\/b 4ac
2a T 2a

—b +Vb? — 4ac
x:
2a




2. LINEAR EQUATIONS

— ayx+biy=c X a,

+ axx +byy =c, X a4

(ay by —azby)y = ajc; — azeq

aA1Cp — A0

- ai b, —a by

a; by
a, b,

a;b, —azb, =




2. LINEAR EQUATIONS

Cramer’s Rule

A1Cy — ArCq =
a; ¢
a2
= a; by
a, b,
c1 by
s C; b
a; by
a, b




2. LINEAR EQUATIONS

a,x + b1y +ciz=d;
a,Xx SR bzy + CrzZ = dz
azx + b3y + c3z = dj

diy by ¢

d, by ¢

d3 bz c3
x —

a; by ¢

a, by ¢

as bz c3




3. BINOMIAL SERIES

Pascal’s triangle:

(1+x)?=>0+x)A+x)
(1+x)?=1+2x + x*
(1+x)%=C§ + Céx + C2x?

(14+x)"=Cq + Cixt
CRx? + -+ Chx™
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4. POWER, EXPONENT

= a* such as 2%,27%




5. LOGARITHMS

y=a®
x =loga(y)
100 = 1072

l0g10(100) = 2

log,o(1) =0

Y1 = axryZ = ay

A X - X+
V1Y, = a*a” = a*™Y

log(y1y2) =x+y
= log(y,)+log(y,)

-4 -2 0 2 4 e = 2.718281828459045 log, v = In(y)




0. TRIGONAL FUNCTIONS

¥ addition formula
_ sin(4 + B)
coso, Slne) = sinAcosB + cosAsinB
|
cos(A + B)
6 = cosAcosB + sinAsinB

%

X
sin(m — 0) = sind
cos(m —0) = —cos0O
T

Sin (E — 9) = cos6




0. TRIGONAL FUNCTIONS

- oy — o (ATB A—B
)“’ sin(4) = Sm< > + > >
n(4) = si <A+B> (A—B)
K c0s0, SiTl@) sin(4) = sin| — cos | —
A+B\  (A-B
‘| +cos < > ) sin ( > )
0 % sin(B)=Sin<A;B—A;B>
, __[A+B A—B
sin(B) = sin ( > ) cos < > )
A+B\ [(A-B
—cos < > ) sin ( > )

sin(A) + sin(B) = 2sin <A ; B) cos <A ; B>



40,

20;

-20¢t

~40!

0. TRIGONAL FUNCTIONS

/
: lOSin(x%

/<

| v =f(x) =10sin(x)

|

> e _"‘/ /
X /
/ // p
: /

/';L - - //
/1 Ocos(x)

fﬂOtan(x)
|

711y = f(x) =10cos(x)

ly = f(x) = 10tan(x)

-§ 2



APPLICATION OF SINUSOIDAL
FUNCTIONS

Lissajous curve
x(t) = Asin(Ct + 6)

y(t) = Bsin(Dt)




/. DIFFERENTIAL CALCULUS —
CONSTANT VELOCITY

1 X(t) — xO + vot
/ constant velocity

X
/ = Ax  x, —x
At Vavg = =

// :1- _At_tz—tl

_x(ty) —x(t1)
=t Y

Al L YO =f@) =ax+)

/ Ay
AX _ Ay _ y(x3) —y(xq)

- > X m
/ Ax Xy — X1




/. DIFFERENTIAL CALCULUS —

CONSTANT ACCELERATION

constant acceleration — freely falling object

X 4

Differential Calculation:

yx
Ay
X »
AX Ay
g = =—
At Wi Ax
st =
" dx
Ax
A_t = Vavg
dx I Ax
dt a0 ar VY

dx(t ; Ax(t .
(©) = lim (©) = li
ARG

Aa=0

At

AV
At
> 1
Av
E = Qqyg
dv = Av
dt  AtobAE - C

x(t+At)—x(t)




/. DIFFERENTIAL CALCULUS —
DEFINITION OF DIFFERENTIATION

Differential Calculation: 2 = Jim 228 = |y XEHE0=X0

At—>0 At At—0 t+At—t
For example, x(t) = t?,
dx(t)  x(t+At)—x(t) | (t+A)?* —t?
= lim = lim = 2t

dt At—0 At At—0 At
d(x™ d(sin(x d(cos(x

o) = et (sin(x)) = cos(x) (cos(x)) = —sin(x)

dx dx dx
d(e*) d(In(x)) 1

dx ¢ dx x



/. DIFFERENTIAL CALCULUS —
DEFINITION OF DIFFERENTIATION

d (A —x™ XM+ CTx™M L Ax + CR X2 (Ax)? + e — x™
— (x™) = lim = lim
dx Ax—0 Ax Ax—0 Ax

= lim (C]'x™ ! + CPx™2Ax + -+ ) = nx™1

Ax—0
Y 4
d(x™) = m(x)dx = nx" 1dx
Ay
n dy
y(x) = x" e [ Ax dy = —dx = m(x)dx

o dx

/m(x) = 7;"‘1




/. DIFFERENTIAL CALCULUS —
CHAIN RULE

rules of differentiation

2 19 = L2 g6 + ) 202
d [fGo) af (e dgl@)
o6 = [ﬂ@ @] =L g1 + £
d | d d
= ggg - —];( ) 57100 + F(x) (—g-2< )=J m)
i (fo] (Lo - r0 22

dx [g(x)| ~ 92(x)

_[f( (x ))] df(g) d‘zlgcx) chain rule




/. DIFFERENTIAL CALCULUS —
CHAIN RULE

All calculations are based on the knowledge you already learned!

d(sin(x dx3 d sin(x3
( ())=cos(x)&—=3x2—> ( )=?

dx dx dx

df(g(x)) df(g)dg(x)
dx dg dx

Let f(g) = sin(g),g(x) = x°

d sin(x3) i sin(x3) dx3
dc« d(x3) dx

= cos(x3) 3x2

d(cos(x? + 2x) + x3) _(d , o d cos(x? + Zx) dx3

I = (E) (cos(x + Zx) + x ) = T + s
d cos(x? + 2x) d(x? + 2x)
o d(x? 4 2x) dx

+ 3x% = —sin(x? 4 2x) (2x + 2) + 3x?



8. PARTIAL DIFFERENTIAL CALCULUS -
ORTHOGONAL COORDINATES

Vector in space to demonstrate the concept A
Linearly Dependent: aA+bBE =0,a # 0, b # 0 /é /A
Linearly Independent: ad + bB =0,a=0,b =0 A < B
Orthogonal: 4-B = 0 (
= Y
Functions are similar, but not exactly the same 5 | /y
Dependent: x,y, y = y(x) or x = x(y) C) > 5 >y
Independent: no function relation between x and y /

af

*Y) take y as a const

Partial Differentiation of f(x,y): B

Complete Differentiation of f(x,y):
G Gy Ay )
dx  0x dy ax'” ~ 7
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9. TAYLOR EXPANSION

Any function f(x) can be expanded atx =a f(x) = Cy + C;(x —a) + C,(x — a)? +
Taylor expansion of f(x) atx = a

f (x) (x — a) dzf (x)

dx?

(x — a)*

2!

f(x) =f(a)+

xX=a

Taylor expansion of f(x) atx =0 f(x) = Cy + Cyx + Cx* + -
FG) = £©O) + O Z+ f/ (0% + Fo...
For example, f(x) = x? + 2x, f(0) =0, f'(0) =2, f"(0) = 2

f///(o) — f””(O) —..=0

. . 2 2
Taylor expansion gives f(x) = 0+ —x + sz



9. TAYLOR EXPANSION

1 1 1

Series of e e=1+ﬁ+ﬂ+§+m
i b X x2 x3
Series of e ex=1+ﬁ+§+§+m
de”* 1 2x!  3x?
Differentiation of e* - =0+ 3+ -+ =+
dex_1 xt  x? g
E +ﬁ+§+ =e
dcllr;xz? lety=Inx 2 x =¢”Y %:ddexy:

=Y v _1_1
X

dx dx eY




9. TAYLOR EXPANSION

Differentiation of sin(x):

d sin(x) ~sin(x + Ax) — sin(x)
= lim
dx Ax—0 Ax
~sin(x) cos(Ax) + cos(x) sin(Ax) — sin(x)
= lim = cos(x)
Ax—0 Ax

Differentiation of cos(x):

d cos(x) ~ cos(x + Ax) — cos(x)
= lim
dx Ax—0 Ax
~ cos(x) cos(Ax) — sin(x) sin(Ax) — cos(x) _
= lim = —sin(x)
Ax—0 Ax

Taylor expansion:




9. TAYLOR EXPANSION

cos(0 —sin(0 —cos(0
sin(x) = Cy + C1x + Cx* + C3x> + --- = sin(0) + ( )x+ ( )x2+ (©)

3 1 ...
11 2! T
_ x x> x> X
sSin() =1 -3t Tt
—sin(0 — cos(0 sin(0
cos(x) = Cy + Cyx + C,x?% + C3x3 + -+ = cos(0) + '( )x+ '( )x -+ (l )x3+---
x2 % 46 1! 2! 3!

st =1t m e

Imaginary number: i=+v-1,0ri?=-1

Notation:

e = cosx +isinx




10. COMPLEX NUMBERS

Embody the notation of complex number e = cosx + i sinx

. : ety =cos@ +isind
Present in the polar coordinate = .
re = rcos@ + irsin@

/ / (a,b) =a+ib

B 0 | r =+ a? + b?

0 = tan"1(b/a)

T =

1_

1 <_J | |_'R
. %inﬁ 4+ a=rcosf
n cosf)

1 b =7rsinf




10. COMPLEX NUMBERS (APPLICATION)

Trigonal functions — addition formula
e = cosO +isinb

e'“ =cosa+isina e = cosf +isinf

pi(@+B) — pia,ip »
cos(a + B) +isin(a + ) = (cosa + isina)(cosfB + isinf)
cos(a + B) +isin(a + ) = (cosacosf —sinasinf) + i(sina cos  + sin § cos a)
» sin(a + ) =sina cos S + sin S cosa
cos(a + ) = cosa cos f — sina sin
Trigonal functions — double angle formula

i0 » sin(20) = 2sin 6 cos 0
cos(268) = cos? 8 — sin? 6

1(26) . e e



CONTENTS

1. Quadratic Equation (E2—It % R)

8. Partial Differential Calculus ({71i))

2. Linear Equation (% 75— RX)
3. Binominal Series (—IE=()

4. Exponential Functions (35£))
5. Logarithm Functions (¥1£))
6. Trigonal Functions (= &)

7. Differential Calculus (il %)

9. Taylor Expansions (Z= &) E )
10. Complex Numbers (€ £{)

11. Integration (&%)

12. 15t Order Differential Equation

13. 2"d Order Differential Equation




11. INTEGRATION

constant acceleration g — freely falling object

V a Xa
; > 1
Lo
to
v(to) = J gdt — [gt]t—OO — gtO — g V= gto U(t) = gt
0
to t2]= gtz g-02 gt
x(t0)=j gtdt = g—] _J0_9° 7 _9% Wb y(t) = gt2/2
0 2 - 2 2 2

https://giphy.com/gifs/QhaDJN8OP3Yql



11. INTEGRATION

Differentiation

fo=an LE ot ey =er TH e
f(x) = sinx af () = COS X f(x) =Inx 250 :1
dx X
Integration
xn+1

fo =, [ =T SO =e% [ fer= et

1
f(x) = cosx, Jf(x)dx=sinx+c flx) =— jf(x)dx=lnx+c

X



11. INTEGRATION — CHAIN RULE &
CHANGE OF VARIABLES

d(sin(x? + 1)) N d(sin(x? + 1)) d(x? + 1)
o dx  d(x2+1) dx

j 2X cos(x + 1) dx = [sm(x + 1)] ,how?
0

= cos(x? + 1) X 2x

1

1 1
f 2x cos(x? +1)dx = | cos(x?+1)d(x?) = f cos(x?+1)d(x% +1)
0 0

—
R

0

- | d(sin(x? +1)) = [sin(x? + 1))

[ = [T g [ aeine) = [ g dlsinGe)
o cos(x) * o o C0s%(x) i o C€os?(x) e o 1—sin?(x) e
1 (74 1 1 _ 19GE ] _ 1 /4] _

. j (1 e )d(sm(x))=— [ e sine) -3 [ s——d(1 — sinGe)

0 0 0

= — [ln((l + sinx) /(1 — sin x))]x Tl




12. 1°T ORDER DIFFERENTIAL EQUATION

Some problems like population growth
Its growth rate is proportional to the population at that fime

Auume the population P as a function of fime t is expressed as P(t)
Its growth rate (or variation) is dP(t)/dt

If the growth rate is propoetional to the population with a const k
dl;(t) = kP(t) We obtain the 15" order DE

That can be expressed as

To solve the problem, we need to have one condition like P(t = 0) = P,

P(t)
P(t)

f ar j ] " ap J kde PR = [kels

paSy P
PO)_kt .

Separation of variable

= ekt p(t") = pyekt’

In(P(t")) —InPy = kt' — 0 ln(



12. 1°T ORDER DIFFERENTIAL EQUATION

dp
Check that P(t) = Pye*t is the solution of the 15t order DE T kP

Put the solution into the DE, check if the equation is safisfied or not

dP(t) d(Poe*t) Pod(e*t)  d(e*)d(kt)

- P ekt =
dt dt dt ETTTSRT =

The equation is satisfied by using the function P(t)

Thus the function P(t) = Pye*t is the solution of the DE Z—Iz = kP



13. 2NP ORDER DIFFERENTIAL EQUATION

Derive the 219 order DE from
the force equation of the spring system

F =—kx
_ ) —kx=ma
F =ma |
ma+ kx =0
F d*x
ext — mﬁ+kx=0

" guess solution x(t) = Asin(Bt) or x(t) = A cos(Bt)
—mB?Asin(Bt) + kA sin(Bt) = 0

(k —mB?)Asin(Bt) = 0
k
B = \/; x(t) = Asin (Jk/mt)



13. 2NP ORDER DIFFERENTIAL EQUATION

d’x
mﬁ+kx =0

guess solution x(t) = Ae®¢, put the guess solution into the DE
mB?AePt + kAeBt = 0

(k + mB2)AePt =0 @) B=iJk/m B=—ik/m

x(t) = AeVkimt 4 4 eiWk/mt = ¢ sin (w/k/mt) + C, cos (w/k/mt)
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