Lecture 11 Conservation of Angular

Momentum
11.1 The Vector Product and Torque

The Cross Product:

T=fxF
A T

Define the cross product: i xi =0, ixj=k,...> AxB=|A A A
B, B, B,

Ax B =|AB|sing

Rules: AxA=0, AxB=-BxA

Ax(B+C)=AxB+AxC, L(AxB)=L B4 Ax B

dt dt dt

|||||

System
T=FfxF
Define a torque about an axis
B ,/_ Line of
Example: The vector product d \\\Q/ action

Two vectors lying in the xy plane are given by

the equations A:2-f+3-j, B=—i+].

— — —

Find AxB,and verify explicitly that AxB =—-Bx A

L=FxP - =
Define the momentum about an point 4 -

f:d—L rx dI:)+dr><|3:F><IE |
dt dt dt : 0

L=>myvr=>mre-r=>mr'o=lo

©200% Thormon trooks Coe

A System of Particles:



The net external torque acting on a system of particles gives

dl:s stem . =
= = 2 ALsystem = Irextdt

ext dt

N

Example: Angular momentum of a Particle in circular motion
A particle moves in the xy plane in a circular path of radius r.  Find the magnitude and

direction of its angular momentum relative to O when its linear velocity is v.

N

Example: A System of Objects
L =mVR + MR’ + m,vR = mVR + MRv + m,vR \ ol
dL dv

E_T=R(mg) > ng:(m1+m2+M)Ra

11.3 Angular Momentum of a Rotating Rigid
Object cis|’
|

L =mr’eo

L, = IZ L = izmiriza) = [IZ mirf}a) =lo t\ \_\7\\"':'"n:/:/:%

dL, do
Zz-ext =—==l—=
dt dt

la

Example: Bowling Ball
Estimate the magnitude of the angular momentum of a bowling ball spinning at 10 rev/s.

A typical bowling ball might have a mass of 6.00 kg and a radius of 12 cm.

Ly = é MR? = %(6.0)(0.12)2 = 0.035kg - m?

L, = lo=(0.035)10-27) = 2.2kg -m? / s

11.4 The Isolated System: Conservation of



Angular Momentum

What is the total angular momentum? The earth’s orbital system gives an example.

I:system = I:orbit + I:spin
P
I:orbit :FX ﬁ:FX(MV) !
L=Li+L, j+Lk (L, =F,xpP,, =Xp,—Yyp, ...)
2> 1,= dL, =l
dt
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When the net external torque acting on a system remains zero, we have



—

Z?:d—L:O or L =const. i%
dt 2

Sample Problem:

Figure 12-19a shows a student, again sitting on a stool %T %}7
that can rotate freely about a vertical axis. The student, — =S — ——————

ta) [

initially at rest, is holding a bicycle wheel whose rim is

loaded with lead and whose rotational inertia /.., about wahz L |,

Tnitial Final

its central axis is 1.2 kg-m?. The wheel is rotating at an ©

angular speed wws of 3.9 rev/s; as seen from overhead, the rotation is

counterclockwise. The axis of the wheel is vertical, and the angular momentum £,

of the wheel points vertically upward. The student now inverts the wheel (Fig. 12-
19b ) so that, as seen from overhead, it is rotating clockwise.

Its angular momentum is then - L 5. The inversion results in the student, the stool, and
the wheel's center rotating together as a composite rigid body about the stool's rotation
axis, with rotational inertia /, = 6.8 kg-m?. (The fact that the wheel is also rotating
about its center does not affect the mass distribution of this composite body; thus, 15
has the same value whether or not the wheel rotates.) With what angular speed wy, and

in what direction does the composite body rotate after the inversion of the wheel?

Li+Lwi=Los +Luwnss> Ly =0, Ly =l -o,, =468

L, =2L,, =9.36

Lb,f
= - =1.4rev/s
b

Sample Problem:

In the overhead view of Fig. 12-21 , four thin,

uniform rods, each of mass M and length d = 0.50

m, are rigidly connected to a vertical axle to form

a turnstile. The turnstile rotates clockwise about the ; A~

axle, which is attached to a floor, with initial -

angular velocity o; = -2.0 rad/s. Amud ball of mass ' potation —
axle

L] =

m = * M and initial speed v = 12 m/s is thrown

~d
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along the path shown and sticks to the end of one
rod. What is the final angular velocity wy of the
ball-turnstile system?

| =LomM-2d)?-2=2Md%, L = 1.0, —d-mv, -cos60° = = Md%0, —d =My,
12 3 3 293

M iMdza)i —Edei

242, e, =L, o, =2 6 _ 08
3 4 .02 1 2
—Md*+=Md
3 3
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11.5 The Motion of Gyroscopes and ‘ops

What is rotation? What is precessional motion?
A Top is spinning about its body axis and the body axis

moves about the z-axis.

The top rotates about its symmetry axis (principal axis).

Its angular momentum is L =1

about _the _ principal _ axisa)

The gravitational force may give a torque to change the «

direction of the angular momentum. Let the position of CM
be R from the origin O. \ (b)

T=RMgsin6

dL | 0200 rommoneoce o

do = I 1n9'dL = 1dt = RMgsin0dt
_ AL g0
RMg sin 6 dt dcl) RMg RMg Lsin®
W="Tsneg " %=L e L

Here wp is the precessional frequency of the top.

The motion of gyroscope and the conservation of angular momentum are applied in

finding the direction for space travel.



Example: A particle of mass m moves with speed Vv, ina circle of radius r, ona

frictionless tabletop. The particle is attached to a string that passes through a hole in

the table. The string is slowly pulled downward so that the particle moves in a small

circle of radius 1;. (a) Find final velocity in terms of v,, r;, I;.(b) Find the tension

when the particle is moving in a circle of radius r interms of m, r,and the

angular momentum L . (¢) Calculate the work done on the particle by the tension T

by integrating If Al Express your answer in terms of r and L,.

(@ L, =r,mv,=rmv, 2> v,=r,m,/r,

VR
(b) T=ma, =m—=—+
romr

L (1 1
O Tt )

Quantization of Angular Momentum

It has been found that the angular momentum of a system is a fundamental quantity.

To explain the experimental results, we rely on the fact that angular momentum has
discrete values which are multiples of the fundamental unit of angular momentum:

h:1:1.054x10‘3“kgom2/s.
2r
L =mvr =nh
Let us accept the postulate, consider the O, molecule, we can find the order of

magnitude of the lowest angular speed

_34
lwo~Hh, o~ 1.054x10 ~~10%rad/s

2-(2.66x10% {1'2“1010 ]

2



