Chapter 10 Rotation
of a rigid object
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s 4
AU RBAL BB EFYES




CONTENTS

O 0o N o Uk W DN =

Angular Position, Velocity, and Acceleration
Rotational Kinematics

Angular and Translational Quantities
Rotational Kinetic Energy

Calculation of Moments of Inertia

Torque

The Rigid Body Under a Net Torque
Rotational Energy

Rolling Motion



1. ANGULAR POSITION, VELOCITY,
AND ACCELERATION

Rigid body: Not elastic & no relative motion for elements in the body
Rotation: Given an axis, moving around the fixed axis

Angular Position: 8 = s/r, 1 rev = 360° (deg)=2r (rad), 1 rad=57.3°
Angular Displacement: A8 = 6, — 6,
Here the counterwise direction is positive. ¥

A8 0,6, @

Average Angular Velocity: wgy,y = e
274

<

s St G
Instant Ang Velocity: w = AI%TO " do/dt,

Unit: rom —rev per min
. Aw Wy—wq
Average Angular Accel: agyg = — = ——
o b rotation axis

Instant Angular Accel: a = lim — = —
At—0 At dt
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1. ANGULAR POSITION, VELOCITY,
AND ACCELERATION

Example: A disk is rotating about its central axis like a merry-go-round. The angular
position 6(t) of a reference line on the disk is given by 8(t) = —1.00 — 0.600t +
0.250t? with t in seconds, 6 in radians. (a) At what time does 0(t) reach the minimum

value? What’s that value? (b) Calculate the angular velocity at any time t. Calculate the
average angular velocity from t=-3.0 to t=6.0 s.

do

— =0 > —0.600 + 0.500t,;, = 0 > t,y = 1.2 (5)
dtt:tmin

0,.:n = —1.00 — 0.600 X (1.2) + 0.250 x (1.2)%2 = —1.36 (rad)

do
w(t) = — = ~0.600 + 0.500¢

_6(60)~6(-3.0) _44-305_ _ rad
Yavg = o0 (=300 9 o)




2. ROTATIONAL KINEMATICS

A Comparison of Equations for Rotational & Translational Mofion
Motion in constant velocity:

W = Wy V= v

0 =0y + wyt X = Xg + vt

Motion in constant acceleration:

W= wg+ at V=vy+at

Lo I
9:60+w0t+§at X=x0+v0t+§at
w? = wf + 2a(6; — 6;) v? = v¢ + 2a(x; — x;)

https://giphy.com/gifs/abstract-spinning-planet-xT21gioE60R?797UcO



2. ROTATIONAL KINEMATICS

Example: A grindstone rotates at constant angular acceleration & = 0.35 rad/s?. At time
t =0, 1t has an angular velocity of wy = -4.6 rad/s and a reference line on it is
horizontal, at the angular position 8, = 0. Please calculates its angular velocity and
angular position.

a=035att=0, wy=—4.6,0, =0
w(t) = —4.6 + 0.35¢

0(t) = 0— 4.6t + 0.175t2



3. ANGULAR AND TRANSLATIONAL
QUANTITIES

Link The Angular Variables to Translational Variables
The Angular Displacement: s = r6
The Angular Velocity: v =rw, T = 2nr/v

The Acceleration: a, = ra, a, = rw? = v?/r

Example: The centrifuge is used to accustom astronaut trainees to high accelerations.
The radius of the circle traveled by an astronaut is 15.0 m.

(a) At what constant angular speed must the centrifuge rotate if the astronaut is to have
a linear acceleration of magnitude 11g? (b) What is the tangential acceleration of the
astronaut 1f the centrifuge accelerates at a constant rate from rest to the angular speed
of (a) in 120 s?

11x98 =2 — 1542 1 X98 _ 68 (rad
o =—= - — =/
15 0 0 150 (rad/s)
2.68 -0
a, =ra = 15.0 = 0.34 (m/s?)

120



4. ROTATIONAL KINETIC ENERGY

Kinefic Energy

mv

K—ZZmrw -] = zmr '_/.

I rotational inertia

1
K ==lw?
2(1)



4. ROTATIONAL KINETIC ENERGY

Example: Consider an oxygen molecule rotating on the xy plane about the z axis. The
rotation axis passes through the center of the molecule, perpendicular to its length. The
mass of each oxygen atom is 2.66 x 10-26 kg, and the average separation between the
two atoms is d = 1.21 x 101 m. (a) Calculate the moment of inertia of the molecule
about the z axis. (b) If the angular speed of the molecule about the z axis is 4.60 X 10'2

rad/s, what is its rotational kinetic energy?

(@) ; _ Z mir? = 2 X 2.66 x 10726 x (0.605 x 10710) 7[

I =1.95 % 10*%(kg m?)

(o) Iw?
K =—-=206x102 (J) = 129 (meV)



4. ROTATIONAL KINETIC ENERGY

Example: Please calculate the moment of inertia of the four objects if the rotation 1s
about the z axis and about the y axis.

About the Z axis: Z

I, = z m;r? = 2ma? + 2Mb? M

About the y axis: /;5&
X

I, = Zmirf = 2Mb? %
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5. CALCULATION OF MOMENTS OF
INERTIA

Cartesian Coordinate: x,y, z

Z
dV = dxdydz
dz e
c rb ra dj
sz j jdxdydzzabc y x
0o Jo Jo Y
b
X




5. CALCULATION OF MOMENTS OF
INERTIA

Cylindrical Coordinate: Y rdeb
>\/vd‘l"f‘
r

dV = rd@drdz b

H R (27
V= J J j rdfdrdz = mR*H
o Jo Jo




5. CALCULATION OF MOMENTS OF
INERTIA

Spherical Coordinate:

dV = (rsinf@d¢ )(rdf)(dr)

rn 2T
f r2sin 0 d¢pd@dr

R
V= f r r2sin @ [¢p]5" dOdr
JO J()
R
V= Zﬂj r?[—cos )% dr
0
R
4
V =4n f e = g
U 3




5. CALCULATION OF MOMENTS OF

INERTIA

Moments of Inertia of a Hoop

M
M = 2ntRA A=——
21R

2T
I = Zmirf = j R?ARd6O = MR?
0

Moments of Inertia of an Annular Cylinder
M

? T n(RZ—R?)

R2 2T M
I = j f r2ordfdr = —(R3 + R?)

M = on(R? — R?)

rotation axis

S u

rotatfion axis

O

https://giphy.com/gifs/weight-ptOEKLDJmVVIS



5. CALCULATION OF MOMENTS OF
INERTIA

M . .
— 2
M = O'T[(R ) o =—— rotafion axis CONDIVIDI ’EVENTO CON UGO PER RICEVERE
R 2 UNA LATTINA DI RED BULL GRATIS

R 2TC MRZ
I =j j réordf@dr =
0o Jo 2

C L3 App Store P> G;c;gle Play

i

M
M = pT[RzL p = TL—RZL

~L/2

L/2 R 2m
= j j j (z2 + r%sin? 0)prdOdrdz
o Jo
M

2 2
I = K +ML rotation axis
4 12
2
RKL 1:%
12

https://giphy.com/gifs/ugo-red-bull-3oxQNdRbTMNUYiS664
Moments of Inertia of a https://giphy.com/gifs/302-nrigxjZ WCWiM8



5. CALCULATION OF I\/IOI\/IENTS OF
INERTIA

Moments of Inertia of a Sphere
4nR3 3M
~ 4nR3

3
f f 2 sin%  pr? sin 6 d¢pd@dr

rotation axis

A

0

= f r*sin3 0 dodr
cos3 6 o=y
j sin3 9d9 = j (cos 6 — 1)d(cos 0) = — cos 0 = _
0 0 P 3
8mp (R 8mp R® 2MR?
I=— | rdr=——=
3 Jy 3 5 5
Moments of Inertia of a Spherical Shell
. M
M = 4nR“o o= AnR2
T 2T ZMRZ
I= J j oR?sin? O R?sin 6 d¢pdf = =
o Jo

https://giphy.com/gifs/weight-ptOEKLDIJmV VIS



5. CALCULATION OF MOMENTS OF
INERTIA

Moments of Inertia of a Slab

Z

rotation axis

M = pab _ M
- pase p= abc
c/2 rb/2 ra/2 M az _|_b2
I —j j j (x2 + y?)pdxdydz = ( )
—c/2Y-b/2/—-a/2 12
C/2 b/2 ra/2 M M aZ_l_bZ
I = j f (x% + y?) —dxdydz = ( )
J—c/z b/2)-a/2 abc 12
b/2 ra/2 M(a? + b2
I = [ j (x2 +y2) dxdy— ( )
J—b/Z -a/2 12
M
M=c0cab o=—
ab

https://giphy.com/gifs/s-with-alex-k5p2Qe Ak3vMLC



5. CALCULATION OF MOMENTS OF
INERTIA

Parallel Axis Theorem
Restriction: Shift of Rotation Axis from That Through The COM to a New Position

Simplify The Derivation: Let COM at O

N
Li=1 MiX; Yamy;

X — = —
cCoOM M Ycom M
i(xi, vi)
Icom = zmi(xiz +Yi2) = f(xz +y2)dm ﬂyi b
W= 7 a
Ip = zmi((xi —a)’ + (y; — b)z) P(g.b)
— zmi(xl-z +y?) — 2azmixi — szmiyi + (a® + bz)zmi

IP = ICOM +M(a2 + bZ) = ICOM +Md2

y

v
=

otation axis
through COM



5. CALCULATION OF MOMENTS OF
INERTIA

Example: Four objects with indicated masses are arranged as shown in the figure. What’s the

rotational inertia about the z axis through its center of mass? What’s the rotational inertia
about an axis through the mass m and parallel to the first axis?

Z
ICOM = 2ma2 S 2Mb2 1

I =2M(a?+ b?) + m(2a)?

a
I =Icom +(@2M + 2m)a? /#ﬁ
x -




5. CALCULATION OF MOMENTS OF
INERTIA

Example: A uniform rod of length L and mass M 1s free to rotate on a frictionless pin
through one end. The rod is released from rest in the horizontal position. What 1s the
angular speed of the rod at its lowest position?

ML? L\" ML

2
Icom = EE) Lyivot = Icom + M(g) 3 e MR? N MIL? P —
4 12
K1+U1:K2+U2 L/2

Mg

L\ 1 ,
O+Mg E =§Ipiv0t(1) +0

39

(1)=T



6. TORQUE

Torque: Like a Force, Used to Accelerate The Angular
Displacement, it is defined as # = # x F

Example: What’s the net torque on the cylinder for the rotational motor shown in the

figure?

f:771><ﬁ1+7:>2><ﬁ2
i—) — —TlFlié + rzeié
T = (1 F, — 7”11';'1)1E
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/. THE RIGID BODY UNDER A NET TORQUE

Reaction to The Net Torque:
fnet:Zf,; :Zﬁ-xﬁi = R X F,
F, = md,, a, = Ra, F, = mRa
Thet = RF,Ai = mR?af = laf

Tnet = 1



/. THE RIGID BODY UNDER A NET TORQUE

Example: A uniform rod of length L and mass M 1s attached to a frictionless pivot and
is free to rotate about the pivot in the vertical plane. The rod is released from rest in
the horizontal position. What 1s the initial angular acceleration?

; _ML2
coM = 15
2 2
L ML
Ipiv0t=ICOM+M E =T
T=Ia
X F =i oM ML 59
= —_ — = — e
r a > g 3 a a o1



/. THE RIGID BODY UNDER A NET TORQUE

Example: A wheel of radius R, mass M, and moment of inertia I is mounted on a
frictionless horizontal axle. A light cord wrapped around the wheel supports an object
of mass m. Calculate the angular acceleration of the wheel, the linear acceleration of
the object, and the tension in the cord.

t=1I1a= RT = la
mg —T = ma

a = Ra
mg 1 mg
a= i a=E i
m+ﬁ m+ﬁ
I'1 mg mgl
_Eﬁm+ I~ I+mR?



/. THE RIGID BODY UNDER A NET TORQUE

Example: Two blocks having masses m; and m, are connected to each other by a light
cord that passes over two 1dentical frictionless pulleys, each having a moment of inertia
[ and radius R. Find the acceleration of each block and the tension T, T,, and T; 1n the

cord.
myg —T; = mya T,
R(Tl—T2)=1a ng_l_lle_gz 1 T3
R(TZ—T3)=IC¥ T1=2m1 T 7! 2
Tg_ng:mza m1+m2+2ﬁ l
Ra =a Ig
mlg‘l‘ﬁ
(my —my)g ly = 2, I
a = L 2 m1+m2+2ﬁ

mq +m2+2%



8. ROTATIONAL ENERGY

Work & Work-Kinetic Energy

dW = F - d7 = F,ds = F,Rd6 = 7d0
2

W—f de—jlde—jd ey _er T
RO i o

P—dW— d@_

“ac tar ¢
W=jrd9 W=dex
K_Ia)z K_mvz

T w2 2
P=1tw P =Fv
L=Iw p = mv
Tnet = dL/dt  Fpee = dp/dt



8. ROTATIONAL ENERGY

Example: A uniform rod of length L and mass M 1is free to rotate on a frictionless pin
passing through one end. The rod is released from rest in the horizontal position.
Determine the tangential speed of the COM and the tangential speed of the lowest point
on the rod when it is in the vertical position.

MIL?

o RT—-
CoOM 12 ,
L MIL?
Ipivot = lcom + M E = T
L 1MIL?

K1+U1=K2+U2 O‘l‘MgE:ETCUZ‘l‘O

3g L |3Ig
w = T UCOM—ZO)— 2

Vend = Lw = \/ 3Lg



9. ROLLING MOTION

Rolling - Rotational and Translational Mofion

A

y

r ’ro’rion\g

XIS

A

Y

v=Rw, w =df/dt

7 =RcosOi—Rsinfj

V= —wRsinfi— wRcosbj
UV=—vsinfi—vcoshj]
Veom = Vi

Vnet = (W—vsin@)i —vcosO ]

7-[ —> ~ "
0 = > Vnet = 07+ 0j
0 =1, Vper = Vi+ vj
3m . )
0 = 7,vnet = 2vi+0j
K = Kcom + Krotation
1 2 1 2 _ 1 2
K =5 Mvgoy +5lcom®” = 5 Ipivor @

2 2 2



9. ROLLING MOTION

Example: A uniform solid cylindrical disk, of mass M = 1.4 kg and radius R = 8.5 cm,
rolls smoothly across a horizontal table at a speed of 15 cm/s.
What is its kinetic energy?

MR?
ICOM = T,M = 14‘,R = 0085, Vecom = 0.15
MRZ 3
IpivotzT-l'MR =§MR
1 2 1 2 1 2
K =EIWUCOM +§IC0M(‘) =§Ipivotw
1 1 /MR? 1 /3MR?
K=—MR2 2 = 2N 2
2 w+2<2>w 2(2)‘“
1 1 3

K = EMvgoM - ZMvgoM = ZMvg(,M = 0.0236())



9. ROLLING MOTION

Example: A uniform ball, of mass M = 6.00 kg and radius R, rolls smoothly from rest
down a ramp at angle 6 = 30.0°. (a) The ball descends a vertical height h = 1.20 m to reach
the bottom of the ramp. What is its speed at the bottom? (b) What are the magnitude and
direction of the friction force on the ball as it rolls down the ramp?

2
fs < fs,max Icom = Ipan = gMRZ

Mgsin@ — f, = Ma
la = Rf;
a = Ra

Mgsinf Mgsinf 5
a= e 5 =7gsm9
M+F M+§M

https://giphy.com/gifs/sparty-finale-X17JzLcx2j0ti



9. ROLLING MOTION

Example: A uniform ball, of mass M = 6.00 kg and radius R, rolls smoothly from rest
down a ramp at angle 6 = 30.0°. (a) The ball descends a vertical height h =1.20 m to
reach the bottom of the ramp. What is its speed at the bottom? (b) What are the
magnitude and direction of the friction force on the ball as it rolls down the ramp?

1 > 1 2
(@) Mgh= EMUCOM + EICOM(‘)
2 h2 7 2
Icom = gMR ,Vcom = Rw,Mgh = 1_OMVCOM
10
Vcom = 79}1 = 4.10(m/s)
5
(b) a= -9 sin 0

2
fe =Mgsind — Ma = 7Mg sinf = 8.40(N)

https://giphy.com/gifs/sparty-finale-X17JzLcx2j0ti
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