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1. QUADRATIC EQUATION

Example: When a driver spots a running motorcycle moving with a constant speed (10
m/s) a distance of 5 m ahead of his car, he starts to accelerate at a 6 m/s>. When will the
driver catch up with the motorcycle?

Sy(t) =54+ 10t

6
Sc(t) = Etz

Assume that the driver catch up with the motorcycle at t = t;

Sy(ty) =Sc(ty) - 5+ 10t; = 3t?

10 +vV102+4x5x3

3t2 —10t;, - 5=0->t, =
1 1 — 14 2 % 3

= —0.44 or 3.8 (s)




1. QUADRATIC EQUATION

ax’+bx+c=0

, b c
x“+—-—x+—-—=0
a a




1. QUADRATIC EQUATION




2. LINEAR EQUATIONS

— amx+biy=c X a,

+ ax+byy=c, X aq

(a1by —azby)y = ayc; — azcy

1€y —aCq

ab, —a, b,

a, by
a, b,

albz — a2b1 =



2. LINEAR EQUATIONS

Cramer’s Rule

A1C2 — A€ =
a; G
I L)
U a; by
a, by
1 by
y c; by
a; by
a, b

a; G
a, G




2. LINEAR EQUATIONS

ax + by +ciz =d;
a,x + b,y + c,z = d,
a3x =P b3y + C3Z — d3

di b1 ¢
d, by ¢
d; bz c3
* a;, by ¢
a, b, ¢,
as; bz c3




3. BINOMIAL SERIES

Pascal’s triangle:

(1+x)2=00+x)1+x)
(1+x)? =1+ 2x + x?
(1+x)%2 =C&+ Cix + Cix?

(1+x)"=C + Ci'x +
CRx? + -+ Chx™
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4. POWER, EXPONENT

=Nt = a* such as 2*%,27*

am m-—n
—_— a

\ am

\

\

: \\\ % f(x) =x2 /A

\




5. LOGARITHMS

y=a
x =loga(y)
100 = 1072

l0g10(100) =y

log,10(1) =0
y1 =a*,y, =a”

- X — X+
Y1y, = a*a” = a*™”

log(y1y,) =x+y
= log(y;1)+log(y,)

-4 -2 0 2 4 e = 2.718281828459045 log, y = In(y)




6. TRIGONAL FUNCTIONS

addition formula

sin(A + B)

y
cosf, sinf) = sinAcosB + cosAsinB
]
cos(A + B)
o) 0 . = cosAcosB + sinAsinB

" X
sin(mr — 0) = sinb
cos(mt — 6) = —cosb

'(” 9)— 0
Sin 2 = CoS




6. TRIGONAL FUNCTIONS

» 2

sin(4) = sin <A Fi) + i B)
2 2
|  [(A+B A—B
cos0. sinH) sin(4) = sm( > >cos< > )
+cos (A ’ B> sin <A i B>
] 2 2
0 A+B A-B

dh

R sin(B) = sin(

sin(B) = sin(

A+B
cos|—

2

/

sin(A) + sin(B) = 25in< >

2
A+B

 (A-B
Sin 5

A+ B

")
)cos(‘f
)
)eos (257

)
)




6. TRIGONAL FUNCTIONS

] an / |y = f(x) = 10sin(x)
/ =/ 10sin(x)

-~ ™ { < . J/
/7 b y ,/

A S0 = 0eestd

P ; A
10cos(x) | /
: bl .

L |y =@ = 10tan@)
| f ﬁOtan(x)




APPLICATION OF SINUSOIDAL
FUNCTIONS

Lissajous curve
x(t) = Asin(Ct + &)

y(t) = Bsin(Dt)




/. DIFFERENTIAL CALCULUS —
CONSTANT VELOCITY

1 X(t) = XO + Uot

X
constant velocity
4—> = Ax Xy —Xq
x Al - Vav

/ 9 At t,—tg

_x(tz) —x(ty) "
i

i y(x) = f(x) = ax + b

Ay
A AX _ _ Ay _ y(x3) — y(xq)

> X m
/ Ax Xy — Xq




/. DIFFERENTIAL CALCULUS —
CONSTANT ACCELERATION

constant acceleration — freely falling object

YA
X A Ay V L ?
X

X =
AX Ay AV Aa=0
Mayg = A_ «—
™ ax
Ax Av
At = Vavg At Qavg
dx I Ay dv - Av

=7V =a

—_— = S - = l —
dt Aly_)no At dt A%gno At

Differential Calculation: & = jjm 2@ — jj, XEHAD=XO

m
At—0 At At—0 t+At—t




/. DIFFERENTIAL CALCULUS —
DEFINITION OF DIFFERENTIATION

Differential Calculation: &8 = 1im 20 — iy, XEFAO=x©)
dt  At—-0 At At—»0  t+At-t

For example, x(t) = t?,
dx(t) n x(t + At) — x(t) . (t +At)* —t*

dt  AtSo At e At ke
d(x™ d(si d
&™) = nx™1 (sin(x)) = cos(x) (cos(x)) = —sin(x)
dx dx dx
d(e*) d(In(x)) 1
=e —

dx dx x



/. DIFFERENTIAL CALCULUS —
DEFINITION OF DIFFERENTIATION

d (AT =™ xM+ O™ Ax + CR XA (Ax)E A+ — X
— (x™) = lim = lim
dx Ax—0 Ax Ax—0 Ax

= lim (CPx™ 1 + CRx™2Ax + -+ ) = nx™1
Ax—0
y A

d(x™) = m(x)dx = nx" tdx
Ay i

y(x) = x" wmmp [ Ax dy = d—i}dx = m(x)dx
> X

/m(x) = na;"_l




/. DIFFERENTIAL CALCULUS —
CHAIN RULE

rules of differentiation

2 [fag = L2 e
d ! g!
aggi L [F (g1 (0] = &gﬂ( )+ fn 2L
d | 1 d d
a’,fiiii =T 1) + £ ) (—g-2<) g“”)
d [FG) _(df @ F) 24)
dx |g(x)] 92(x)

_[f( ()] = df(g) di]zgcx) chain rule




/. DIFFERENTIAL CALCULUS —
CHAIN RULE

All calculations are based on the knowledge you already learned!

. 3 g 3
d(sin(x)) _ cos(x) & di _ 3,2, dsm(x ) i
dx dx dx

df(g(x)) df(g)dg(x)
dx  dg dx

Let f(g) = sin(g), g(x) = x>

d sin(x3) . d sin(x3) dx®
dx d(x3) dx
d(cos(x? + 2x) + x3) B d cos(x? + 2x) " dx3

= cos(x3) 3x2

d
N 2 3) —
I (dx) (cos(x + Zx) + x ) T o

d cos(x? + 2x) d(x? + 2x)
 d(x? + 2x) dx *

3x% = —sin(x? + 2x) (2x + 2) + 3x?



3. PARTIAL DIFFERENTIAL CALCULUS -
ORTHOGONAL COORDINATES

Vector in space to demonstrate the concept

A
Linearly Dependent: ad+bB =0,a+0,b # 0 /;3 -
Linearly Independent: aA+bB=0,a=0,b=0 {

Orthogonal: 4-B = 0 (
= Y
Functions are similar, but not exactly the same = 1

Dependent: x,y, y = y(x) or x = x(y) <> > X / > X

Independent: no function relation between x and y

Partial Differentiation of f(x, y): %, take y as a const

Complete Differentiation of f(x,y): X
df (x,y) _ 0f (%) N af (x,y) dy

dx 0x dy dx,y=y(x)
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9. TAYLOR EXPANSION

Any function f(x) can be expanded atx =a f(x) = Cy + C;(x — a) + C,(x — a)? + -
Taylor expansion of f(x) atx = a
df(x)] (x—a) d*f(x)] (x—a)’
1! "
x=a '

2!

FO) = f@) +—— -

Taylor expansion of f(x) atx =0 f(x) = Cy + C1x + Cyx? + -
F@) = £ + £ @+ f/ (0% + Lo
For example, f(x) = x? + 2x, f(0) =0, f'(0) =2, f"(0) = 2

flll(o) — f””(o) —...=0

: : _ 2 2 2
Taylor expansion gives f(x) = 0 + X+



9. TAYLOR EXPANSION

Series of e = NP S
8—1+E+Z+§+"'
Series of e* x _ x  x* X
e —1+ﬁ+i+§+“°
de*® 1 2x1 3x?
Differentiation of e* 7~ =0+t o+t 3+
dex_1+x1+x2+ e
de 1 T TE
dInx dx de” deYdy dy
=7 lety=1 2> x=¢eY = = = eY —
dx Y MATETE 0 T dx dy dx ¢ dx
d d 1 1
1=ey_y —y=—:—
dx dx eY «x




9. TAYLOR EXPANSION

Differentiation of sin(x):
d sin(x) _ sin(x + Ax) — sin(x)

im
dx  Ax>0 Ax
~sin(x) cos(Ax) + cos(x) sin(Ax) — sin(x)
= lim = cos(x)
Ax—0 Ax

Differentiation of cos(x):

d cos(x) ~ cos(x + Ax) — cos(x)
= lim
X Ax—0
~ cos(x) cos(Ax) — sin(x) sm(Ax) — cos(x) _
= lim = —sin(x)
Ax—0 Ax

Taylor expansion:




9. TAYLOR EXPANSION

cos(0
sin(x) = Cy + C1x + Cyx% + C3x3 + -+ = sin(0) + 1$ )
| x X x5 X '
sin(x) = o i T Lo
5 . —sin(0)
cos(x) = Cp + Cyx + Cx* + C3x° + -+ = cos(0) + '
e Dr o 1:
cost) = 1ot m e

Imaginary number: i=+v-1,0ri?=-1

. . (ix) (ix)? (ix)3
Notation: fel* =1 + T + T + T T ...

x3 x°
...>+l<x_§+§_...>

e = cosx +isinx

X +

2!

—cos(0)
—Xx
2!

—sin(0 — cos(0
—sin(0) ,  —cos(0)

3!

sin(0)
3!



10. COMPLEX NUMBERS

Embody the notation of complex number e = cosx + i sinx

i9 — . .
Present in the polar coordinate € cosf +ising

ret® = rcos@ + irsin 0

/ / (a,b) =a+ib

r=1 | p r=m

4 6 = tan"1(b/a)

R ——+—+F R

] | |
[
1A\ 1 -
/%mg 4 a =rcos6@

/
[ I l\ -‘/

A4 W A b=rsind




10. COMPLEX NUMBERS (APPLICATION)

Trigonal functions — addition formula
e® = cos@ +isin6
e’ =cosa +isina e =cosf +isinp
pi(@+B) — pia,ip »
cos(a + B) +isin(a + B) = (cosa + isina)(cos B + isinf)
cos(ax + B) + isin(a + B) = (cosa cos B — sina sinB) + i(sina cos f + sin f cos a)
' sin(a + ) =sina cos 8 + sinf cos «
cos(a + B) = cosa cosf — sina sin f8
Trigonal functions — double angle formula

- 0 i in(26) = 2sin 0 cos @
el(29) S 619619 » sin(
cos(260) = cos? 0 — sin? O
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11. INTEGRATION

constant acceleration g — freely falling object

V“ Xu

Tl
to
viR=Na
x(t) = gt?/2

https://giphy.com/gifs/QhaDJN80P3Yql



11. INTEGRATION

Differentiation

flx) =x" d];ix) =nx"1 f(x) =e* d];E:C) o O
f(x) =sinx df (x) — COS X f(x) = Inx df (x) _ l
dx dx "
Integration
n+1
f(x)=x”,jf(x)dx=;c+1+c f(x)=€x/jf(x)dx=ex+c

1
f(x) = cosx, Jf(x)dx=sinx+c flx) =— jf(x)dx=lnx+c

X



11. INTEGRATION — CHAIN RULE &
CHANGE OF VARIABLES

d(sin(x? + 1)) _ d(sin(x?+1))d(x? + 1)

. dx d(x?+1)
f 2x cos(x? + 1) dx = [sin(x2 + 1)]3:;,how?
0

1
J 2x cos(x? + 1) dx =
0

= jo d(sin(x? + 1)) =

T /4 cos(x)
J dx = f 5 dx =
5 o Ccos?(x) J

cos(x)

—

0

:sin(x2 + 1)

_ 2
e = cos(x + 1) X 2x

rlCos(x2 +1)d(x?) = Jolcos(x2 +1)d(x?+1)

1 (™1 1
== +
2]0 <1—sinx 1+ sinx

= %[ln((l + sinx)/(1 — sinx))]

x=0

: L 1 . 1 (T/4
)d(sm(x)) = Ejo T d(1 + sin(x)) — _jo

x=1

x=0

rn’/ll- 1 . B /4 -

- i) d(sin(x)) = fo = sinZ(x) d(sin(x))

d(1 — sin(x))

2 1 —sinx

xX=1/4



12. 1°T ORDER DIFFERENTIAL EQUATION

Some problems like population growth
Its growth rate is proportional to the population at that time

Auume the population P as a function of time t is expressed as P(t)
Its growth rate (or variation) is dP(t)/dt

If the growth rate is propoetional to the population with a const k

That can be expressed as d};(tt) = kP(t) We obtain the 15" order DE

To solve the problem, we ne)ed to have one condition like P(t = 0) = P,
: . t

Separation of variable PO kdt

P P()gp P(t") _ e
JF=frae [ [ hae Pl = el
P(t’))_kt, P(t")

= kt' ) = kt'
PO PO e P(t ) Poe

In(P(t")) —InPy, = kt' — 0 1n<



12. 1°T ORDER DIFFERENTIAL EQUATION

dP
Check that P(t) = Pye*t is the solution of the 15t order DE e kP

Put the solution into the DE, check if the equation is satisfied or not

dP(t) d(Pye*") _ Pod(e*) _ d(e) d(kt) _ kt _
& dt C dr DAt ar e = kP

The equation is satisfied by using the function P(t)

Thus the function P(t) = Pye*t is the solution of the DE % = kP



13. 2NP ORDER DIFFERENTIAL EQUATION

Derive the 29 order DE from
the force equation of the spring system

F = —kx
—kx = ma
F =ma
ma+kx =0
= d*x B
ext mﬁ+kx—0

g guess solution x(t) = Asin(Bt) or x(t) = A cos(Bt)
—mB?Asin(Bt) + kA sin(Bt) = 0

(k — mB?)Asin(Bt) = 0
k
B = j; x(t) = Asin (/k/mt)



13. 2NP ORDER DIFFERENTIAL EQUATION

d?x

mﬁ+kx=0

guess solution x(t) = AeBt, put the guess solution into the DE
mBZ?AeBt + kAeBt = 0

(k + mBz)AeBt =0 B=iJk/m B=-i\/k/m

x(t) = AjeVk/mt 4 A, etVk/mt = ¢, sin( k/mt) + G, cos( k/mt)
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