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Lecture 04 Motion in Two Dimensions 

This lecture gives you the same content as that in Chapter 03&04 in 

Serway/Jewett’s textbook of “Physics for Scientists and Engineers with Modern 

Physics”. 

 

The Displacement Vector 

Coordinate Systems 

22 yxr += , cosrx = , sinry =  

tanθ = y/x 

Vectors and Scalars 

vector: displacement, if rrr


−=  

scalar: distance, if rrr


−=  

 

Addition of Displacement Vectors 
 

 

 

 

 

 

 

 

 

1. BABOOAOBOAC =+=−=


 (drawing) 

2. ABOBAOBOAO rrrrrC


=+=−=  (relative vector) 

 

 

 

 

 

 

 

x 

y 

(6,6) 

(4,2) 

B


 

A


 

BAC


+=  

B


 

A


 

BAC


+=  

B


 

A


 

BAC


−=  

 

 

 

 

 



 2 

 

 

 

General Properties of Vectors 
Equality of Two Vectors: BA


=  

Adding Vectors: ABBA


+=+  

Multiplying a Vector by a Scalar: 1. A


 2. 00 = A


 3. AA


22 =  

Subtracting Vectors: )( BABA


−+=−  

ABBA


+=+ , CBACBA


++=++ )()(  

scalar product: BA


  see Chapter 6-2 

vector product: BA


  see Chapter 10-1 

 

Components of a Vector and Unit Vectors 

jAiAAAjAiAA yxyx
ˆsinˆcos),(  +==+=


 

AAAA yx =+= 22


 

If kAjAiAA zyx
ˆ++=


, 222

zyx AAAA ++= . 

 

See active figure AF0316. 

 

kAjAiAA xyx


++=  & kBjBiBB xyx


++=  

--> ?=+ BA


, ?0 = A


, ?2 = A


, ?2 =− BA


 

 

Unit Vectors 

If 1=A , jAiAA yx
ˆˆ +=


 is a unit vector. 

If 1A , AA /


 is a unit vector. --> 1==
A

A

A

A


 

If jAiAA yx
ˆˆ +=


 is a unit vector, A


 can be rewritten as jiA ˆsinˆcos  +=


. 

 

Example: The resultant displacement: Δr1=(1.5, 3), Δr2=(2.3, 1.4), Δr3=(-1.3, 1.5), R=? 

x 

y 
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Unit vector? 

 

 

4.1 Position, Velocity, and Acceleration 
 

displacement: if rrr


−=  

average velocity: 
t

r
vavg




=




 

instantaneous velocity: r
dt

d

t

r
v

t





=




=

− 0
lim  

 

 

average acceleration: 
t

v

tt

vv
a

if

if

avg



=

−

−
=




 

instantaneous acceleration: v
dt

d

t

v
a

t





=




=

− 0
lim  

 

 

4.2 Two Dimensional Motion with Constant 
Acceleration 

jyixr ˆˆ +=


 

jy
dt

d
ix

dt

d
r

dt

d
v ˆ+==


 

tavv if


+= , jtaitajvivjviv yxiyixfyfx

ˆˆˆˆˆˆ +++=+  

2

2

1
tatvrr iif


++=  -> separate into x and y directions 

 

Example: A particle move through the origin of an xy coordinate system at t = 0 with 

initial velocity jiv ˆ15ˆ20 −=


  (m/s).  The particle moves in the xy plane with an 

acceleration ia ˆ4=


 (m/s2).  Determine the components of velocity as a function of 

time and the total velocity vector at any time. 

At t = 0, jix ˆ0ˆ00 +=


, jiv ˆ15ˆ200 −=


, ia ˆ4=

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i
dt

vd
a ˆ4==




, idtvd ˆ4=


, idtvd

tv

v

ˆ4
00

 =


, ( ) jititvv ˆ15ˆ420ˆ40 −+=+=


 

( ) dtjitxd ˆ15ˆ420 −+=


, ( ) ( ) jdtidttxd

tx

x

ˆ15ˆ420
00

 −++=


, ( ) jtittx ˆ15ˆ220 2 −+=


 

 

4.3 Projectile Motion 
We assume that (1) The free-fall 

acceleration g


  is constant over the 

range of motion. (2) The effect of air 

resistance is negligible. 

 

ix

iy

i
v

v
=tan  

cosiix vv = , siniiy vv =  

0=xa , ga y −=  

cosix vv = , gtvv iy −= sin  

tvxx iif += cos , 2

2

1
sin gttvyy iif −+=   -> 2

2

1
tgtvrr iif


++=  

If 0== ii yx , we have tvx if cos= .  Remove the time, we have an expression of 

x and y as ( ) 2

22 cos2
tan x

v

g
xy

ii

f


 −= . 

 

The projectile motions can be considered to be the superposition of (1) constant-

velocity motion in the horizontal direction and (2) free-fall motion in the vertical 

direction. 

 

Horizontal range and maximum height of a projectile 

g

v
t i
M

sin
= , 

g

v
h i

2

sin 22 
=  

( )
g

v
tvR i
Mi




2sin
2cos

2

==  
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Example: A long-jumper leaves the ground at an angle of 20.0o above the horizontal 

and at a speed of 11.0 m/s.  How far does he jump in the horizontal direction?  What 

is the maximum height reached? 

( )
38.0

0.20sin0.11
=


=

g
t

o

M s 

( ) 86.738.020.20cos0.11 == oR  m 

( ) 71.038.0*8.9
2

1 2
==H m 

 

Example: A projectile is fired at a target T in a way 

that the projectile leaves the gun at the same time the 

target is dropped from rest.  Show that if the gun is 

initially aimed at the stationary target, the projectile 

hits the target. 

Prove that 
T

T

xi

yi

i
x

y

v

v
==tan . 

tvx xiT =  -> 
xi

T

v

x
t = , Hit means that 

22

2

1

2

1








+








−=

xi

T

xi

T

xi

T
yiT

v

x
g

v

x
g

v

x
vy . 

 

Example: A stone is thrown from the top of a building upward at an angle of 30.0o to 

the horizontal with an initial speed of 20.0 m/s.  If the height of the building is 45.0 

m, how long does it take to reach the ground? 
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4.4 Uniform Circular Motion 
Uniform Circular Motion 

centripetal acceleration, use polar coordinate to solve this typical problem 

 

v

r
T

2
= , 

r

v

Tdt

d
===




2
 

(1) jrirr ˆsinˆcos += 


 

 

jviv

j
dt

d
ri

dt

d
rv

ˆcosˆsin

ˆcosˆsin

+−=

+−=











 

j
r

v
i

r

v

j
dt

d
vi

dt

d
va

ˆsinˆcos

ˆsinˆcos

22

−−=

−−=











 

r

v
a

2

=  

 

(2) 
t

v
aavg




=




, 
r

r

v

v









=


, 
t

r

r

v
aavg




=


, v

t

r

t
=





− 0
lim , 

r

v
a

2

=  

 

4.5 Tangential and Radial Acceleration 

 

the change in speed: v
dt

d
at


= , the change in direction: 

r

v
ar

2

−=  

22

rt aaa +=  

r 

 
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Example: A car exhibits a constant acceleration of 0.300 m/s2 parallel to the roadway.  

The car passes over a rise in the roadway such that the top of the rise is shaped like a 

circle of radius 500 m. At the moment the car is at the top of the rise, its velocity vector 

is horizontal and has a magnitude of 6.00 m/s. What is the direction and the magnitude 

of the total acceleration vector for the car at this moment? 

xat
ˆ300.0=


 (m/s2) yyar

ˆ072.0ˆ
500

62

−=−=


 (m/s2)  

 

4.6 Relative Velocity and Relative 
Acceleration 
 

 

tvrr OOPOPO ''


+= , OOPOPO vvv ''


+=  

BAPBPA xxx += , BAPBPA x
dt

d
x

dt

d
x

dt

d
+= , BAPBPA vvv +=  

BAPBPA v
dt

d
v

dt

d
v

dt

d
+= , PBPA aa =  

Relative Velocity 
tvrr OOPOPO ''


+= , OOPOPO vvv ''


+=  

 

PAx


 & BAx


 relative to reference A 

PBx


 relative to reference B 

 

If the particle P  and Frame B move at a speed of several tenths of light speed, the 

special relativity of modern Physics must be adopted for relative velocity. 

CvPB 6.0= , CvBA 6.0=  → Cvvv BAPBPA 2.1=+=  ??? 

CC
C

cvv

vv
v

BAPB

BAPB
PA =

+
=

+

+
=

36.1

2.1

36.01

2.1

/1 2
 

 

Example: Barbara's velocity relative to Alex is a constant vBA = 52 km/h and car P is 

moving in the negative direction of the x axis.  If Alex measures a constant velocity 

vPA = -78 km/h for car P, what velocity vPB will Barbara measure? 

52=BAv km/h, 78−=PAv km/h, 1305278 −=−−=−=+= BAPAABPAPB vvvvv km/h 

 

Example: A plane moves due east (directly toward the east) while the pilot points the 

plane somewhat south of east, toward a steady wind that blows to the northeast. The 

plane has velocity VPW relative to the wind, with an airspeed (speed relative to the wind) 

of 215 km/h, directed at angle  south of east. The wind has velocity VWG relative to 

javascript:top.newWin('keywords','content/index/index6.htm',20,20)
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the ground, with a speed of 65.0 km/h, directed 20.0° east of north. What is the 

magnitude of the velocity VPG of the plane relative to the ground, and what is theta? 

 

jivPW
ˆsin215ˆcos215  −= , jiv oo

WG
ˆ20cos65ˆ20sin65 += , jivvPG

ˆ0ˆ +=  

PGWGPW vvv =+  -> ( ) ( ) jivi oo ˆ0ˆ20cos65sin215ˆ20sin65cos215 +=+−++   

o5.16= , v = 228.4 km/h 

 

 


